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ABSTRACT 

In these lectures we give a discussion of the structure of the electroweak Standard Model 
and its quantum corrections for tests of the electroweak theory. The predictions for the 
vector boson masses, neutrino scattering cross sections and the Z resonance observables 
are presented in some detail. We show comparisons with the recent experimental data and 
their implications for the present status of the Standard Model. Finally we address the 
question how virtual New Physics can influence the predictions for the precision observables 
and discuss the minimal supersymmetric standard model as a special example of particular 
theoretical interest. 
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O 1 Introduction 

The present theory of the electroweak interaction, known as the "Standard Model" [1-4], is a gauge invariant quantum 
field theory with the symmetry group SU(2)xU(l) spontaneously broken by the Higgs mechanism. It contains three 
'free parameters to describe the gauge bosons ^,W^,Z and their interactions with the fermions. For a comparison 
between theory and experiment three independent experimental input data are required. The most natural choice is 
given by the electromagnetic fine structure constant a, the muon decay constant (Fermi constant) G^, and the mass 
1^ -of the Z boson which has meanwhile been measured with high accuracy. Other measurable quantities are predicted 
in terms of the input data. Each additional precision experiment which allows the detection of small deviations from 
the lowest order predictions can be considered a test of the electroweak theory at the quantum level. In the Feynman 
graph expansion of the scattering amplitude for a given process the higher order terms show up as diagrams containing 
closed loops. The lowest order amplitudes could also be derived from a corresponding classical field theory whereas 
I the loop contributions can only be obtained from the quantized version. The renormalizability of the Standard Model 
1^ ensures that it retains its predictive power also in higher orders. The higher order terms, commonly called radiative 
corrections, are the quantum effects of the electroweak theory. They are complicated in their concrete form, but they 
are finally the consequence of the basic Lagrangian with a simple structure. The quantum corrections contain the 
self-coupling of the vector bosons as well as their interactions with the Higgs field and the top quark, and provide the 
theoretical basis for electroweak precision tests. Assuming the validity of the Standard model, the presence of the top 
quark and the Higgs boson in the loop contributions to electroweak observables allows to obtain significant bounds on 
their masses from precision measurements of these observables. 

The present generation of high precision experiments hence imposes stringent tests on the Standard Model. 
Besides the impressive achievements in the determination of the Z boson parameters |^ and the W mass 0| , the most 
important step has been the discovery of the top quark at the Tevatron ||] with the mass determination mt = 180 ± 12 
GeV, which coincides perfectly with the indirectly obtained mass range via the radiative corrections. 

The high experimental sensitivity in the electroweak observables, at the level of the quantum effects, requires the 
highest standards on the theoretical side as well. A sizeable amount of work has contributed over the last few years to 
a steadily rising improvement of the standard model predictions pinning down the theoretical uncertainties to a level 
sufficiently small for the current interpretation of the precision data, but still sizeable enough to provoke conflict with 
a further increase in the experimental accuracy. 

The lack of direct signals from "New Physics" makes the high precision experiments also a unique tool in the 
search for indirect effects: through definite deviations of the experimental results from the theoretical predictions of 
the minimal Standard Model. Since such deviations are expected to be small, of the typical size of the Standard Model 
radiative corrections, it is inevitable to have the the standard loop effects in the precision observables under control. 



In these lectures we give a brief discussion of the structure of the Standard Model and its quantum corrections for 
testing the electroweak theory at present and future colliders. The predictions for the vector boson masses, neutrino 
scattering cross sections, and the Z resonance observables like the width of the Z resonance, partial widths, effective 
neutral current coupling constants and mixing angles at the Z peak, are presented in some detail. We show comparisons 
with the recent experimental data and their implications for the present status of the Standard Model. Finally we 
address the question how virtual New Physics can influence the predictions for the precision observables and discuss 
the minimal supersymmetric standard model as a special example of particular theoretical interest. 

2 The electroweak Standard Model 
2.1 The Standard Model Lagrangian 

The phenomenological basis for the formulation of the Standard Model is given by the following empirical facts; 

• The SU(2)xU(l) family structure of the fermions: 

The fermions appear as families with left-handed doublets and right-handed singlets: 
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They can be characterized by the quantum numbers of the weak isospin /, I3, and the weak hypercharge Y. 



u \ I c \ It 



• The Gell-Mann-Nishijima relation: 

Between the quantum numbers classifying the fermions with respect to the group SU(2)xU(l) and their electric 
charges Q the relation 

Q = l3 + ^ (1) 

is valid. 

• The existence of vector bosons: 

There are 4 vector bosons as carriers of the electroweak force 

7, w+, W-, z 

where the photon is massless and the W^, Z have masses Mw ^ 0, Mz 7^ 0. 

This empirical structure can be embedded in a gauge invariant field theory of the unified electromagnetic and weak 
interactions by interpreting SU(2) x U(l) as the group of gauge transformations under which the Lagrangian is invariant. 
This full symmetry has to be broken by the Higgs mechanism down to the electromagnetic gauge symmetry; otherwise 
the W^, Z bosons would also be massless. The minimal formulation, the Standard Model, requires a single scalar 
field (Higgs field) which is a doublet under SU(2). 

According to the general principles of constructing a gauge invariant field theory with spontaneous symmetry 
breaking, the gauge, Higgs, and fermion parts of the electroweak Lagrangian 

=Cg + Ch+Cf (2) 

are specified in the following way: 
Gauge fields 

SU(2)xU(l) is a non-Abelian group which is generated by the isospin operators /i, /2, /a and the hypercharge Y (the 
elements of the corresponding Lie algebra). Each of these generalized charges is associated with a vector field: a triplet 
of vector fields W^'^'^ with /i,2,3 and a singlet field with Y. The isotriplet W^, a = 1,2, 3, and the isosinglet B^^ 
lead to the field strength tensors 



^ixv = dij,By — dvB^. 



(3) 



§2 denotes the non-Abelian SU(2) gauge coupling constant and gi the AbeUan U(l) couphng. From the field tensors 
(3) the pure gauge field Lagrangian 

^G = -\ W^^W^--'" - 1 B^^B^^-- (4) 
is formed according to the rules for the non-Abelian case. 
Fermion fields cind fermion-gauge interaction 

The left-handed fermion fields of each lepton and quark family (colour index is suppressed) 



with family index j are grouped into SU(2) doublets with component index a = ±, and the right-handed fields into 
singlets 

€ = ^il- 

Each left- and right-handed multiplet is an eigenstate of the weak hypercharge Y such that the relation (1) is fulfilled. 
The covariant derivative 

D^, = d^- ig^IaW^ + igi^B^ (5) 
induces the fermion-gauge field interaction via the minimal substitution rule: 

^F = Y1 ^firD^^ijf + i,fjYD^i>f, (6) 

Higgs field, Higgs - gauge field and Yukawa interaction 

For spontaneous breaking of the SU(2)xU(l) symmetry leaving the electromagnetic gauge subgroup U{l)em unbroken, 
a single complex scalar doublet field with hypercharge Y = 1 

= ( S ) (7) 

is coupled to the gauge fields 
with the covariant derivative 

The Higgs field self-interaction 



</."(x) 

£j/ = (£)^$)+(D^$)-y($) (8) 
D^ = d^- ig2laW; + i^B^. 

is constructed in such a way that it has a non- vanishing vacuum expectation value v, related to the coefficients of the 
potential V by 

The field (7) can be written in the following way: 

'^^''^ ^{{v + H{x) + ix{x))/V2 ) ^^^^ 

where the components cf)'^ , H , x ^^ow have vacuum expectation values zero. Exploiting the invariancc of the Lagrangian 
one notices that the components (j)'^ , x can be gauged away which means that they are unphysical (Higgs ghosts or 
would-be Goldstone bosons). In this particular gauge, the unitary gauge, the Higgs field has the simple form 

The real part of (fP, H{x), describes physical neutral scalar particles with mass 

Mh = nV2. (12) 



The Higgs field components have triple and quartic self couplings following from V, and couplings to the gauge fields 
via the kinetic term of Eq. (8). 

In addition, Yukawa couplings to fcrmions are introduced in order to make the charged fermions massive. The 
Yukawa term is conveniently expressed in the doublet field components (7). We write it down for one family of leptons 
and quarks: 

^Yukawa = -9l O^L 0^ Ir + Ir (f>^ + h (l>° Ir + ~Ir <^°* II) 

= -9d (uL (t>^ da + dn ul + (t>° da + 2r dL) 

- 9u {-ur dL - dL 4>~ ur + ur 4P Ul + ul 4>^* ur) . (13) 

denotes the adjoint of 

By w ^ fermion mass terms are induced. The Yukawa coupling constants gi^d,u are related to the masses of the 
charged fermions by Eq. (23). In the unitary gauge the Yukawa Lagrangian is particularly simple: 



C-Yukawa = - ^ mf i^flpf — tpfi^f H . (14) 

/ / 



As a remnant of this mechanism for generating fermion masses in a gauge invariant way, Yukawa interactions between 
the massive fermions and the physical Higgs field occur with coupling constants proportional to the fermion masses. 

Physical fields and parameters 

The gauge invariant Higgs-gauge field interaction in the kinetic part of Eq. (8) gives rise to mass terms for the vector 
bosons in the non-diagonal form 

The physical content becomes transparent by performing a transformation from the fields W^, (in terms of which 
the symmetry is manifest) to the "physical" fields 

W^^^{W;,±tW'^) (16) 

and 

Zi, = + cos Ow + sin Ow (17) 
= — sin 6w + cos 6w Bfj_ 

In these fields the mass term (15) is diagonal and has the form 

Mlw;^W-^ + \{A,,Z,)(^l (18) 

with 

Mw = ^92V (19) 
Mz = \\l9l+9lv 
The mixing angle in the rotation (17) is given by 

Vgf+g^ Mz 

Identifying with the photon field which couples via the electric charge e = y/Awa to the electron, e can be expressed 
in terms of the gauge couplings in the following way 



or 

sm t^vK cos Ow 

Finally, from the Yukawa coupling terms in Eq. (13) the fermion masses are obtained: 

mf=gf^ = V2^^Mw. (23) 

The relations above allow one to replace the original set of parameters 

52, 9i, A, iJ?, gf (24) 

by the equivalent set of more physical parameters 

e, Mw, Mz, Mh, mj (25) 

where each of them can (in principle) directly be measured in a suitable experiment. 

An additional very precisely measured parameter is the Fermi constant which is the effective 4-fermion 
coupling constant in the the Fermi model, measured by the muon lifetime: 

= 1.16639(2) • 10"^ GeV-2 

Consistency of the Standard Model at <C with the Fermi model requires the identification (see section 5) 

G 

^ = r (26) 

which allows us to relate the vector boson masses to the parameters a, G^, and sin^ dw as follows: 

Ml, = 



\/2G^ sivL Ow 

Ml = -j=—--^ (27) 

V 2Gp sm Uw cos^ Uw 

and thus to establish also the — Mz interdependence: 
2.2 Gauge fixing and ghost fields 

Since the S matrix element for any physical process is a gauge invariant quantity it is possible to work in the unitary 
gauge with no unphysical particles in internal lines. For a systematic treatment of the quantization of Ccl and for 
higher order calculations, however, one better refers to a renormalizable gauge. This can be done by adding to Ccl a 
gauge fixing Lagrangian, for example 



-C/.. = {F^ +Fl + 2F+F_) (29) 



with linear gauge fixings of the 't Hooft type: 



^ {d'^Z^ - Mz^x) 



z 



F, = :^d>^A^ (30) 

with arbitrary parameters ^^•^•'^ . In this class of 't Hooft gauges, the vector boson propagators have the form 

^ (l-^^)fc'^fc''^ 



fc2-M2 V k-^-^^M^ 



the propagators for the unphysical Higgs fields are given by 



r-.'^].^^'^. (31) 



* for 0± (32) 



p - '''' 

and Higgs-vector boson transitions do not occur. 

For completion of the renormalizablc Lagrangian the Faddeev-Popov ghost term Lgh has to be added |^ in order to 
balance the undesired effects in the unphysical components introduced by C fix ■ 

L = Lci + Cf,x + Cgh (34) 

where 

Cgh^u'^{x)j^uP{x) (35) 

with ghost fields u'' , , u^, and being the change of the gauge fixing operators (30) under infinitesimal gauge 
transformations characterized by 6'"(x) = {9'^{x), 9^{x)}. 

In the 't Hooft-Feynman gauge (^ = 1) the vector boson propagators (31) become particularly simple: the 
transverse and longitudinal components, as well as the propagators for the unphysical Higgs fields (f>^ , x the ghost 
fields u^, have poles which coincide with the masses of the corresponding physical particles and Z. 

2.3 Feynman rules 

Expressed in terms of the physical parameters we can write down the Lagrangian 

C{A^, W^, Z^, H, X, u^, u^, u^; Mw, Mz, e, . . .) 

in a way which allows us to read off the propagators and the vertices most directly. We specify them in the R^^i 
gauge where the vector boson propagators have the simple algebraic form ~ g^^. 

C^G + C.H = 



■ W- (□ + M^) W+^' 
+ lz^{D + Mj)Z^ 



interaction terms 
VV, VH, HH 













-Ml 
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g2 


-Ml 



+ (unphysical degrees of freedom) 



~\~ ^Yukawa — 



f 



z sm u\Y cos uw 



2v2 sm t^vF 



Q / and /g denote the charge and the third isospin component of /l 



V2 V2 2sin6'vi/ Mw 

+ (unphysical degrees of freedom) (36) 

These Feynman rules provide the ingredients to calculate the lowest order amplitudes for fermionic processes. For the 
complete list of all interaction vertices we refer to the literature ||T^ . 

In order to describe scattering processes between light fcrmions in lowest order we can, in most cases, neglect 
the exchange of Higgs bosons because of their small Yukawa couplings to the known fermions. The standard processes 
accessible by the experimental facilities are basically 4-fermion processes. These are mediated by the gauge bosons 
and, sufficient in lowest order, defined by the vertices for the fermions interacting with the vector bosons. They are 
given in the Lagrangian above for the electromagnetic, neutral and charged current interactions. The neutral current 
coupling constants in (36) read 

Vf = /g — 2Q/ sin 0w 

aj = (37) 

ospin component of Jl ■ 
The quantities Vjk in the charged current vertex are the elements of the unitary 3x3 matrix 

/ Vud Vus Vub \ 

Ukm = Vcd Vcs Vcb (38) 
V Vtd Vts Vtb J 

which describes family mixing in the quark sector |^ . Its origin is the diagonalization of the quark mass matrices from 
the Yukawa coupling which appears since quarks of the same charge have different masses. For massless neutrinos no 
mixing in the leptonic sector is present. Due to the unitarity of Ukm the mixing is absent in the neutral current. 

For a proper treatment of the charged current vertex at the one-loop level, the matrix Ukm has to be renormalized 
as well. As it was shown in ||lT| , where the renormalization procedure was extended to Ukm, the resulting effects are 
completely negligible for the known light fermions. We therefore skip the renormalization of Ukm in our discussion of 
radiative corrections. 

3 Renormalization 
3.1 General remarks 

The tree level Lagrangian (2) of the minimal SU(2)xU(l) model involves a certain number of free parameters which 
are not fixed by the theory. The definition of these parameters and their relation to measurable quantities is the 
content of a renormalization scheme. The parameters (or appropriate combinations) can be determined from specific 
experiments with help of the theoretical results for cross sections and lifetimes. After this procedure of defining the 
physical input, other observables can be predicted allowing verification or falsification of the theory by comparison 
with the corresponding experimental results. 



In higher order perturbation theory the relations between the formal parameters and measureable quantities are 
different from the tree level relations in general. Moreover, the procedure is obscured by the appearence of divergences 
from the loop integrations. For a mathematically consistent treatment one has to regularize the theory, e.g. by 
dimensional regularization (performing the calculations in D dimensions). But then the relations between physical 
quantities and the parameters become cutoff dependent. Hence, the parameters of the basic Lagrangian, the "bare" 
parameters, have no physical meaning. On the other hand, relations between measureable physical quantities, where 
the parameters drop out, are finite and independent of the cutoff. It is therefore in principle possible to perform tests 
of the theory in terms of such relations by eliminating the bare parameters p^ . 

Alternatively, one may replace the bare parameters by renormalized ones by multiplicative renormalization for 
each bare parameter go 

.90 = Zgg = g + Sg (39) 

with renormalization constants Zg different from 1 by a 1-loop term. The renormalized parameters g are finite and 
fixed by a set of renormalization conditions. The decomposition (39) is to a large extent arbitrary. Only the divergent 
parts are determined directly by the structure of the divergences of the one-loop amplitudes. The finite parts depend 
on the choice of the explicit renormalization conditions. 

This procedure of parameter renormalization is sufficient to obtain finite S-matrix elements when wave func- 
tion renormalization for external on-shell particles is included. Off-shell Green functions, however, are not finite by 
themselves. In order obtain finite propagators and vertices, also the bare fields in £ have to be redefined in terms of 
renormalized fields by multiplicative renormalization 

0o = 4^'0. (40) 
Expanding the renormalization constants according to 

z., = i + sz, 

the Lagrangian is split into a "renormalized" Lagrangian and a counter term Lagrangian 

C{^o,go) = C{zl'^c^, Zgg) = £(</., g) + 5C[c^, g, 5Z^, 5g) (41) 
which renders the results for all Green functions in a given order finite. 

The simplest way to obtain a set of finite Green functions is the "minimal subtraction scheme" where (in 
dimensional regularization) the singular part of each divergent diagram is subtracted and the parameters are defined 
at an arbitrary mass scale /z. This scheme, with slight modifications, has been applied in QCD where due to the 
confinement of quarks and gluons there is no distinguished mass scale in the renormalization procedure. 

The situation is different in QED and in the electroweak theory. There the classical Thomson scattering and 
the particle masses set natural scales where the parameters can be defined. In QED the favoured renormalization 
scheme is the on-shell scheme where e = v47ra and the electron, muon, . . . masses are used as input parameters. The 
finite parts of the counter terms are fixed by the renormalization conditions that the fermion propagators have poles 
at their physical masses, and e becomes the ee^ coupling constant in the Thomson limit of Compton scattering. The 
extraordinary meaning of the Thomson limit for the definition of the renormalized coupling constant is elucidated by 
the theorem that the exact Compton cross section at low energies becomes equal to the classical Thomson cross section. 
In particular this means that e resp. a is free of infrared corrections, and that its numerical value is independent of 
the order of perturbation theory, only determined by the accuracy of the experiment. 

This feature of e is preserved in the electroweak theory. In the electroweak Standard Model a distinguished set 
for parameter renormalization is given in terms of e, il/^, Mw, Mh, nif with the masses of the corresponding particles. 
This electroweak on-shell scheme is the straight-forward extension of the familiar QED renormalization, first proposed 
by Ross and Taylor (l5| and used in many practical applications |o[ |l6Hl3, H, H, H, |2|. For stable 



particles, the masses are well defined quantities and can be measured with high accuracy. The masses of the W and Z 
bosons are related to the resonance peaks in cross sections where they are produced and hence can also be accurately 
determined. The mass of the Higgs boson, as long as it is experimentally unknown, is treated as a free input parameter. 
The light quark masses can only be considered as effective parameters. In the cases of practical interest they can be 
replaced in terms of directly measured quantities like the cross section for e+e^ hadrons. 



The electroweak mixing angle is related to the vector boson masses in general by 



where pq ^ 1 aX the tree level in case of a Higgs system more complicated than with doublets only. We want to restrict 
our discussion of radiative corrections primarily to the minimal model with po ~ 1- For p 7^ 1 see section 9.2. 

Instead of the set e, Mw^ Mz as basic free parameters one may alternatively use as basic parameters a, G^, Mz or 
a, G^, SVC? Oy/ with the mixing angle deduced from neutrino-electron scattering [p7| or perform the loop calculations 
in the MS scheme ^ ^ The so-called ^-scheme js^, ^ is a different way of book-keeping in terms of 
effective running couplings. Here we follow the line of the on-shell scheme as specified in detail in HJ], but skip 
field rcnormalization. 



3.2 Mass renormalization 

We have now to discuss the 1-loop contributions to the on-shell parameters and their renormalization. Since the boson 
masses are part of the propagators we have to investigate the effects of the W and Z self-energies. 

We restrict our discussion to the transverse parts ~ g^^u- In the electroweak theory, differently from QED, the 
longitudinal components Qfi^v of the vector boson propagators do not give zero results in physical matrix elements. 
But for Hght external fermions the contributions are suppressed by {mj/MzY and we are allowed to neglect them. 
Writing the self-energies as 

E J/ = 9,^^^'^ + ■■■ (43) 
with scalar functions £^'•^((7^) we have for the 1-loop propagators {V — W, Z) 



g2 _ Ml ^ P"> - Ml - M^ ~ M? 



(the factor —i in the self energy insertion is a convention). Besides the fcrmion loop contributions in the electroweak 
theory there are also the non-Abelian gauge boson loops and loops involving the Higgs boson. The Higgs boson and the 
top quark thus enter the 4-fermion amplitudes as experimentally unknown objects at the level of radiative corrections 
and have to be treated as additional free parameters. In the graphical representation, the self-energies for the vector 
bosons denote the sum of all the diagrams with virtual fermions, vector bosons, Higgs and ghost loops. 

Resumming all self energy- insertions yields a geometrical series for the dressed propagators: 



Ml 



1 + 



- Ml 



q^^Ml + Yy{q^) 



g2 - Ml 



(45) 



The self-energies have the following properties: 

• ImE^(Afy) 7^ for both W and Z. This is because W and Z are unstable particels and can decay into pairs of 
light fermions. The imaginary parts correspond to the total decay widths of Z and remove the poles from the 
real axis. 

• Rei;^(M^) 7^ for both W and Z and they are UV divergent. 

The second feature tells us that the locations of the poles in the propagators are shifted by the loop contributions. 
Consequently, the principal step in mass renormalization consists in a re- interpretation of the parameters: the masses 
in the Lagrangian cannot be the physical masses of W and Z but are the "bare masses" related to the physical masses 
Mw, Mz by 

M^ = M^ + 5Ml, (46) 

with countcrterms of 1-loop order. The "correct" propagators according to this prescription are given by 

g2 - _^ Yy{q^) q^ - Ml - 6Ml + {q^) ' ^ ' 



instead of Eq. (45). The renormalization conditions which ensure that Mw,z are the physical masses fix the mass 
counterterms to be 



5M^ = ReE^(M2,) (48) 
(5Af| = ReE^(M|). 

In this way, two of our input parameters and their counterterms have been defined. 
3.3 Charge renormalization 

Our third input parameter is the electromagnetic charge e. The electroweak charge renormalization is very similar to 
that in pure QED. As in QED, we want to maintain the definition of e as the classical charge in the Thomson cross 
section 



6tt mi 



Accordingly, the Lagrangian carries the bare charge eo ^ e + Se with the charge counter term Se of 1-loop order. 
The charge counter term Se has to absorb the electroweak loop contributions to the 667 vertex in the Thomson limit. 
This charge renormalization condition is simplified by the validity of a generalization of the QED Ward identity 
which implies that those corrections related to the external particles cancel each other. Thus for Se only two universal 
contributions are left: 

e 2 cw Ad^ 

The first one, quite in analogy to QED, is given by the vacuum polarization of the photon. But now, besides the fermion 
loops, it contains also bosonic loop diagrams from W^W~ virtual states and the corresponding ghosts. The second 
term contains the mixing between photon and Z, in general described as a mixing propagator with 'S,'^^ normalized as 



The fermion loop contributions to YT*^ vanish at q^ = 0; only the non-Abelian bosonic loops yield 'S''^{Q) ^ 0. 

To be more precise, the charge renormalization as discussed above, is a condition only for the vector coupling 
constant of the photon. The axial coupling vanishes for on-shell photons as a consequence of the Ward identity. 

From the diagonal photon self-energy 

i:'r{q')^q^W{q^) 

no mass term arises for the photon since, besides the fermion loops, also the bosonic loops behave like 

YUq')o.q'UUO)^0 

for q^ leaving the pole a,t q^ — in the propagator. The absence of mass terms for the photon in all orders is a 
consequence of the unbroken electromagnetic gauge invariance. 

Concluding this discussion wc summarize the principal structure of electroweak calculations: 

• The classical Lagrangian C{e, M^y, Mz, ■ ■ ■) is sufficent for lowest order calculations and the parameters can be 
identified with the physical parameters. 

• For higher order calculations, C has to be considered as the "bare" Lagrangian of the theory £(eo, M^, AI^, . . .) 
with "bare" parameters which are related to the physical ones by 

SQ^e + Se, M^^ ^ M^ + SM^, M^^ ^ Ml + SMl . 

The counter terms are fixed in terms of a certain subset of 1-loop diagrams by specifying the definition of the 
physical parameters. 



• For any 4-fermion process we can write down the 1-loop matrix element with the bare parameters and the loop 
diagrams for this process. Together with the counter terms the matrix element is finite when expressed in terms 
of the physical parameters, i.e. all UV singularities are removed. 



4 One-loop calculations 

In this section we provide technical details for the calculation of radiative corrections for electroweak precision observ- 
ables. The methods used are essentially based on the work of |16 and 



4.1 Dimensional regularization 

The diagrams with closed loops occuring in higher order perturbation theory involve integrals over the loop momentum. 
These integrals are in general divergent for large integration momenta (UV divergence). For this reason we need a 
regularization, which is a procedure to redefine the integrals in such a way that they become finite and mathematically 
well-defined objects. The widely used regularization procedure for gauge theories is that of dimensional regularization 
p^ , which is Lorentz and gauge invariant: replace the dimension 4 by a lower dimension D where the integrals are 
convergent: 

d k 4:-— D ^ d k 



An (arbitrary) mass parameter /x has been introduced in order to keep the dimensions of the coupling constants in 
front of the integrals independent of D. After renormalization the results for physical quantities are finite in the limit 
D ^ 4. 

The metric tensor in D dimensions has the property 

< = 5p.ff'''' = Tr(l) = D. (51) 

The Dirac algebra in D dimensions 

{7^,7,} = 2.9^,1 (52) 

has the consequences 

7^7'^ = Dl 
^pj^jP - (2-i^)7,. 
lplti.lvY = 4g^^ 1 - (4 - Z?) 7^7,, 
Iplt^lvlaY = -2 7a7z.7p + (4- i:))7^7i.7<, (53) 

A consistent treatment of 75 in D dimensions is more subtle . In theories which are anomaly free like the Standard 
Model we can use 75 as anticommuting with 7^: 

{7,.,75} = 0. (54) 

4.2 One- and two-point integrals 

In the calculation of self energy diagrams the following types of one-loop integrals appear: 

1- point integral: 

2- point integrals: 



,4-15 



d^k 1 
(2^ [k"^ - m\][{k + qf - ml] ~' 16^ 



Ba{q^,mi,m2) (56) 



4_£) / dPk k^\ k^ki, -0/2 \ fr'7\ 

A* / ^n 77^ 9irn , — ^ 2T TTT-J^MIM'^l'? ,Wi,TO2) . (57) 



{2tt)0 [k^ - m\][[k + qY - ml] ' 16n 

The vector and tensor integrals -B^, -B^^ can be expanded into Lorentz covariants and scalar coefhcients: 

= q^Bi{q^ ,mi,m2) 

B^,y = gf_L,.B22{q'^,mi,m2) + q^q„B2i{q^,mi,m2) . (58) 



The coefBcient functions can be obtained algebraically from the scalar 1- and 2-point integrals A and Bq. Contracting 
(58) with g^, g'^" and q'^q'' yields: 

kq 



[k"^ — rn^] [{k + q)^ — m: 



[k'^ — ml] [{k + qY ~ m 
{kq? 



[k"^ - ml][{k + qY - ml] 
Solving these equations and making use of the decompositions 



IGtt- 
i 

167r2 

i 

167r2 



■q^Bi 



(DB22 + q^B2i] 



[q^B22 + q^B2i) . 



(59) 



/ 
/ 



[k^ - ml][{k + qy 



kq 



[k^ - ml][{k + qy 



[kqf 



[k"^ — m\] [{k + qY — m\ 



and of the definition (56,57) we obtain: 



A:2 - 



V [k-^ - ml][{k + qf - ml] 



fc2- 



fc2 — mi 



9 79 
m2 — m,i — q 



2 

kq 



1 



[fc2 - ml][{k + qY - m^] 
If kq 



2 J k^-mj 

9 99 
m2 — mi — q 



{k + qY — ml 
kq 



[k^ — mfl [{k + qY — rnl] 



Bi(g^,mi,TO2) = ^ [A(mi) - A(m2) + (m^ - m2 - (7^)Bo((7^,mi,TO2)] 
^22(9^,^1,7712) 



- [A(m2) + 2m^Bo(g^,TOi,m2) 
+ {q'^ + ml — ml)Bi{q'^ , mi, 777,2) + "^i + ™ 
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B2i{q^, 7771, 7772) 



^ [74(7772) - ?77ii3o(g^, 7771, 7772) 
— 2((J^ + 777^ — 7772)-Bl((?^, 7771, 7772) 



77li + 777^ ^2 



(60) 



Finally we have to calculate the scalar integrals A and Bq. With help of the Feynman parametrization 



1 

ab 



dx ■ 



1 



/o [ax + b{l-x)Y 
and after a shift in the k-variable, B^ can be written in the form 



167r^ 



So((2'^, 7771, 7772) 



dx 



4-L> 



(27r)-^ y [fc2 — ^^(jf^ _|- a;(g2 _|_ y^2 _ _ ^2 



212 



(61) 



The advantage of this parametrization is a simpler fc-integration where the integrand is only a function of fc^ = 
(k^Y — ■ In order to transform it into a Euclidean integral we perform the substitution]^ 

k° = ik%, k = ks, d^k = id^kE 



^The ie-prescription in the masses ensures that this is compatible with the pole structure of the integrand. 



where the new integration momentum ks has a definite metric: 

= —k%, k% = {k%)^ + • • • + • 
This leads us to a Euclidean integral over ks'- 

where 

Q = x^q^ — x{q'^ + m\ — m\) + ml — ie (63) 
is a constant with respect to the fc£;-intcgration. 

Also the 1-point integral A in (55) can be transformed into a Euclidean integral: 



(62) 



(64) 



Both ks- integrals are of the general type 

] {kl+L)n 

of rotational invariant integrals in a iJ-dimensional Euclidean space. They can be evaluated in iP-dimensional polar 
coordinates {k'^ = R) 

J (fc| + L)" 2 J {R + LY' 

yielding 

{2n)D J {k% + LY (477)^/2 r(n) ' 

The singularities of our initially 4-dimensional integrals are now recovered as poles of the F-function for f = 4 and 
values n < 2. 

Although the l.h.s. of Eq. (65) as a _D-dimcnsional integral is sensible only for integer values of D, the r.h.s. has 
an analytic continuation in the variable D: it is well defined for all complex values D with n — -j 9^ 0, —1, —2, . . ., in 
particular for 

D = A-e with e > . 

For physical reasons we are interested in the vicinity of D = 4. Hence wo consider the limiting case e and perform 
an expansion around D = 4 in powers of e. For this task we need the following properties of the F-function at x ^ 0: 

T{x) = - - 7 + 0{x) , 

X 

T{-l + x)^-- + J - 1 + 0{x) (66) 



X 

with 

7 = - r'(i) = 0.577 



known as Euler's constant, 
n = 1: 

Combining (64) and (65) we obtain the scalar 1-point integral for D = 4 — e: 

A(m) - r(-l + f) . 2nW2 

(2 \ 
= mM --7-|-log47r-log— + lj + 0(e) 

= (^A- log ^ + 1^ + 0(e) 



(67) 



Here we have introduced the abbreviation for the singular part 

2 

A = - -7 + log47r. (68) 

n = 2 : 

For the scalar 2-point integral Bq we evaluate the integrand of the ^-integration in Eq. (62) with help of Eq. (65) as 
follows: 

^^^^ = ^f^-j + log4n-log^] + 0{e) 



(47r)2-^/2 r(2) ^ 167r2 Ve / 

Since the 0(e) terms vanish in the limit e — s- we skip them in the following formulae. Insertion into Eq. (62) with Q 
from Eq. (63) yields: 

Boi,^m„m,) = A - rd.log -'^'--^^'+"^7"^^)+"^^-" (70) 

Jo M 

The explicit analytic formula can be found in [ pO| . 

For the calculation of one-loop amplitudes also 3- and 4-point functions have to be included. In low energy 
processes, like muon decay or neutrino scattering, where the external momenta can be neglected in view of the internal 
gauge boson masses, the 3-point and 4-point integrals can immediately be reduced to 2-point integrals. The analytic 
results for the 7, Z// vertices can be found in the literature |Q. Massive box diagrams are negligible around the Z 
resonance. 

4.3 Vector boson self energies 

The diagrams contributing to the self energies of the photon, W, Z and the photon-Z transition contain fermion, 
vector boson, Higgs and ghost loops. Here we consider the fermion loops in more detail, since they yield the biggest 
contributions. 
Photon self energy: 

We give the expression for a single fermion with charge Q f and mass m. The total contribution is obtained by 
summing over all fermions. Evaluating the fermion loop diagram we obtain in the notation of section 4.2: 

a fc2 
2-^(^2) = -QU-A{m) + —Bo{k^,m,m) + 2B22{k^,m,m)} 



k 



= — g^ UM A-log— j + (fc2 + 2m2)Bo(fc^m,m) - y (71) 



Bq denotes the finite function 



So(fc2, m,m) = - I dx log ('^!^L^^!±Z!^ _ ) (72) 





2 

Bo{k^,m,m) = A-log^ Bo{k^ ,m,m) . (73) 

n7(fc2) ^ Em (74) 

is usually denoted as the photon "vacuum polarization". We list two simple expressions arising from Eq. (71) for 
special situations of practical interest: 



in the decomposition 



The dimensionless quantity 



• light fermions (| /e^ |^ rri^): 

mik^) = ^Qj (a - log ^ + ^ - log ^ + inei^)^ (75) 

• heavy fermions (| fc^ |<C m^): 

n^(.') = ii«?(A-i„g^ + ^) (76) 

Photon - Z mixing: 

Each charged fermion yields a contribution 

(77) 

As in the photon case, the fermion loop contribution vanishes for = 0. 



Z and W self energies: 

We give the formulae for a single doublet, leptons or quarks, with m±, Q±, v±, a± denoting mass, charge, vector and 
axial vector coupling of the up(+) and the down(-) member. At the end, we have to perform the sum over the various 
doublets, including color summation. 



2 ^ „2 r p 

2-B22(fc^,m/,m/) + —Bo{k'^,mf,mf) - A{mf) 



2 



S^(fc^) = --TV { 2B,,ik\m^,m.)-^^^I^±l±^^ 
IT 4s^^ 2 



+ i -Bo{k^m+,m_)} (78) 



Again, the following two cases are of particular practical interest: 

• Light fermions: 

In the light fermion limit k^ ^ mj_ the.Z^ and W self-energies simplify considerably: 

^»>^) = ^-4(a->os| + »). (79) 

• Heavy fermions: 

Of special interest is the case of a heavy top quark which yields a large correction . In order to extract this part 
we keep for simplicity only those terms which are either singular or quadratic in the top mass rrit = m+ {Nc = 3): 

(80) 



The quantity |||| 



E^(0) E'^(O) 



Ml 



(81) 



is finite as far as the leading fermion contribution is considered which yields for the top quark: 



Ap^Nc 



IGtts 



M 



(82) 



5 The vector boson masses 

5.1 One-loop corrections to the muon lifetime 

The interdependence between the gauge boson masses is established through the accurately measured muon lifetime or 
the Fermi coupling constant G^, respectively. Originally, the /i-lifetime has been calculated within the framework 
of the effective 4-point Fermi interaction. If QED corrections are included one obtains the result [p9| 



1 



1 



8mi 



1927r3 

The leading 2nd order correction is obtained by replacing 



a 25 
2^M 



(83) 



1 



2a rrin 



This formula is used as the defining equation for in terms of the experimental /x-lifetime. In lowest order, the Fermi 
constant is given by the Standard Model expression (26) for the decay amplitude. In 1-loop order, G^/V2 coincides 
with the expression 



V2 



o 02 7i,r02 



S^(0) 



{vertex, box) 



(84) 



This equation contains the bare parameters with the bare mixing angle 



„02 _ 1 ^^^W 
— 1 — 



(85) 



The term {vertex, box) schematically summarizes the vertex corrections and box diagrams in the decay amplitude. 
A set of infra-red divergent "QED correction" graphs has been removed from this class of diagrams. These left-out 
diagrams, together with the real bremsstrahlung contributions, reproduce the QED correction factor of the Fermi model 
result in Eq. (83) and therefore have no influence on the relation between G^ and the Standard Model parameters. 

Next we evaluate Eq. (84) to 1-loop order by expanding the bare parameters 



{e + Se)^ = 6^(1-1-2 — ), 
e 



„0 2 



(1 + 



Ml 



-SMI 



and keeping only terms of 1-loop order in Eq. (26): 



+ c 



SMl 



SM^ 



(86) 



V2 



8sLM2 



1 + 2 



[1 + Ar 



SMl 
Mf" 



{o)-SM^ , , ; 

— —2 — + {vertex, box) 



(87) 



which is the 1-loop corrected version of Eq. (26). 



The quantity Ar(e, Mw, Mz, Mh, mt) is the finite combination of loop diagrams and counterterms in Eq. (87). Since 
we have aheady determined the counterterms in the previous subsection in terms of the boson self-energies, it is now 
only a technical problem to evaluate the 1-loop diagrams for the final explicit expression of Ar. Here we quote the 
result ' 

The singular part of Eq. (88), up to a factor, coincides with the non-Abelian bosonic contribution to the charge 
counterterm in Eq. (49): 

Together with Eq. (49) and (88) we obtain from Eq. (87): 



Ar = n''(0) 



2 \ Ml Ml j + Ml 



2 



^-^^(0) ^ ^_ / ^ 7^4s2 



+2 — + 6+— p^logc^^ . (89) 



The first line is of particular interest: via E'^(O) and the mass counter terms 6M^ ^ also the experimentally unknown 
parameters Mh, mt enter Ar, whereas the residual terms depend only on the vector boson masses. We proceed with 
a more explicit discussion of the gauge invariant subset of fermion loop corrections which involves, among others, the 
top quark. This subset is also of primordial practical interest since it constitutes the numerically dominating part of 
Ar. 

5.2 Fermion contributions to Ar 

In the fermionic vacuum polarization of Eq. (89) we split off the subtracted part evaluated at M|: 

n''(0) = -Ren''(M|) + n'^(O) + Ren''(M|) 

= -ReW{Ml) + ReW(Ml). (90) 

The subtracted finite quantity IP{MD can be split into a leptonic and a hadronic part: 

Rell'^(Ml) = ReIl7,p,(M|) + RenL,(M|) . 

Heavy top quarks decouple from the subtracted vacuum polarization: 

n7op(M|) = -Q?^. (91) 



Whereas the leptonic content can easily be obtained from 



no light quark masses are available as reasonable input parameters for the hadronic content. Instead, the 5 flavor 
contribution to H^^^ can be derived from experimental data with the help of a dispersion relation 

ft;„.(M|) = ^M|/%.' ,,(/''^P_.^) (93, 

with 

a{e^e~ ^ 7* — s- hadrons) 

W{s) - 



(^(e+e" —> 7* 11+ ^, ) 

as an experimental quantity up to a scale si and applying perturbative QCD for the tail region above si. Using e+e^ 
data for the energy range below 40 GeV and perturbative QCD for the high energy tail, the recent updates Q 
yield 

Re nLrf(so) = -0.0280 ± 0.0007 (94) 



for So — and thus confirm the the previous value |42| w ith an improved accuracy. The error is almost completely 
due to the experimental data. Other determinations [EsTH agree within one standard deviation. 
Combining this result with the leptonic part one obtains 

RetP{M^) = -0.0593 ±0.0007. 



Besides IP{M'^) we need the W and Z self-energies. For simplicity we restrict the further discussion to a single family, 
leptons or quarks, with to±, Q±, v±, a± denoting mass, charge, vector and axial vector coupling of the up(+) and 
down(-) member. At the end, we perform the sum over the various families. We discuss the light and heavy fermions 
separately: 

• Light fermions: 

In the light fermion limit, i.e. neglecting all terms ^ m±/Mw,z, the various ingredients of Ar follow from (79) to be 
(in case of quark doublets with an additional factor Nc = 3): 



S^(0) 


= 








5Ml 


a 


v\ + 


Ml - 


3^ ' 




5M^ 


a 


1 




' 3^ 


4,2 



0, 



A 



, Ml 
log^ 



A-l0£ 



Ml 



logc^ , 



together with 

ReIV[Ml 
Inserting everything into Eq. (89) yields 

Ar 



(Ql + Q' 



= -Ren'^(Afl) 
a 
in 



— ( A - log ^ 



w 



a c 
3^ 



,2 
W 



1 Ml 
log^ 



4s 



4,2 



log 



4,2 



4,4 



-ReWiMl)-- 
6n 



-w 



4,4 



log C- 



W 



(95) 



The term in brackets [. . .] is zero with the coupling constants in Eq. (37). Thus, the main effect from the light fermions 
comes from the subtracted photon vacuum polarization as the remnant from the renormalization of the electric charge 
at — 0. For this reason, after summing over all light fermions, we can write 



Aa = -Ren''(Af|) = 0.0593 ± 0.0007 . 



(96) 



• Heavy fermions: 

Of special interest is the case of a heavy top quark which contributes a large correction ^ to Ar. In order to extract 
this piece we keep for simplicity only those terms which are either singular or quadratic in the top mass nit = ™+ 
{Nc = 3): 



Ren''(Af|) = 



Q-) A-log 



2 



E^(0) _ _a 3to? / m[ 1 

Inserting into Eq. (89) we verify that the singular parts cancel and a finite term ~ remains: 

(Ar)M = - Ren^(Afl) - % Ap + • • • (97) 

with Ap from Eq. (82), since the m^-term is g^-independent. 

As a result of our discussion, we have got a simple form for Ar in the leading terms which is valid also after 
including the full non-fermionic contributions: 

Ar = Aa l\p + {/^r) remainder ■ (98) 

Aa contains the large logarithmic corrections from the light fermions and Ap the leading quadratic correction from a 
large top mass. All other terms are collected in the (Ar) remainder- It should be noted that the remainder also contains 
a term logarithmic in the top mass (for which our approximation above was too crude) which is not negligible 



(A^a,,,.„.^-3^(|4)io8^+--- m 



Also the Higgs boson contribution is part of the remainder. For large AIh, it increases only logarithmically ("screening" 
of a heavy Higgs @): 

.Higgs _ " . h„„ 
'remainder -j^g. 

The typical size of {^r)remainder is of the order ^ 0.01 



(A<;S„.„ = J^-f (los^-^). ,100) 



5.3 Higher order contributions 

Since Ar contains two large entries, Aa and Ap, a careful investigation of higher order effects is necessary. 

(i) Summation of large Aa terms: 
The replacement of the Aa-part 

1 + Aa ^ 



1 - Aa 

of the 1-loop result in Eq. (87) correctly takes into account all orders in the leading logarithmic corrections (Aa)", as 
can be shown by renormalization group arguments ]46| The evolution of the electromagnetic coupling with the scale 
/i is described by the renormalization group equation 

u— = — — a (101) 

with the coefficient of the 1-loop /3-function in QED 

The solution of the RGE contains the leading logarithms in the resummed form. It corresponds to a resummation of 
the iterated 1-loop vacuum polarization to all orders. The no n- leading QED-terms of next order are numerically not 
significant. Thus, in a situation where large corrections are only due to the evolution of the electromagnetic charge 
between two very different scales set by m/ and Mz, the resummed form 

_ Tia 1 _ Tra 1 

" V2M^^s^^ 1 - Ar V2Mlcl,sl, I - Ar ^ > 

with Ar in Eq. (98) represents a good approximation to the full result. 



(ii) Summation of large Ap terms: 



For the heavy top quark also Ap is large and the powers (Ap)" are not correctly resummed in Eq. (103). A result 
correct in the leading terms up to 0{a^) is instead given by the independent resummation p7[ 

111 

+ (Ar) 

remainder 

(104) 



1-Ar 1-Aa i + ^Ap 



where 



A-p = 3x,[l + x,p^'H^)i x,^^ (105) 

incorporates the result from 2-loop 1-particle irreducible diagrams. For light Higgs bosons Mjf <C mt, where can 
be neglected, the coefficient 

= 19 - 2tt^ (106) 

was first calculated by Hoogeveen and van der Bij The general function p^'^\ valid for all Higgs masses, has been 
derived in p^ . For large Higgs masses AI^ > "imt, a good approximation is given by the asymptotic expression with 
r = {mt/MuY ii 

(2) 49 2 27, 3, 2 

P^' = — +7r2 + ylogr + -logV 

+ - (2 - 127r2 + 121ogr - 271og^ r) 
3 

2 

+ ^ (1613 - 2407r2- 15001ogr- 720 logV) . (107) 
48 

With the resummed p-parameter 

(108) 

Eq. (104) is compatible with the following form of the Mw — Adz interdependence 

a(M2^ 

with 



o^{Ml) = ——. (109) 
1 — Aa 



It is interesting to compare this result with the corresponding lowest order Mw — Mz correlation in a more general 
model with a tree level p-parameter po 7^ 1^ the tree-level po enters in the same way as the p from a heavy top in 
the minimal model. The same applies for the quadratic mass terms from other particles like scalars or additional 
heavy fermions in isodoublets with large mass splittings. Hence, up to the small quantity (Ar) remainder, they are 
indistinguishable from an experimental point of view (Aa is universal). In the minimal model, however, p is calculable 
in terms of mt, Mh whereas po is an additional free parameter. 



(iii) QCD corrections: 

Virtual gluons contribute to the quark loops in the vector boson self-energies at the 2-loop level. For the light 
quarks this QCD correction is already contained in the result for the hadronic vacuum polarization from the dispersion 
integral, Eq. (93). Fermion loops involving the top quark get additional 0{aas) corrections which have been calculated 
perturbatively [ |5^ . The dominating term represents the QCD correction to the leading to^ term of the p-parameter 
and can be built in by writing instead of Eq. (105): 

Ap^3xf[l + xtp^^^ +Spqcd] (110) 

The QCD term [|o[ |l) reads: 

OPQCD = Cl + C2(p) (111) 

TT \ TT / 



with 

ci = ^ (y + 1 ) = 2.8599 (112) 



and the recently calculated 3- loop coefficent 51 



C2 = —14.59 for ^ = rrit and 6 flavors (113) 

with the on-shell top mass m^. It reduces the scale dependence of p significantly and hence is an important entry to 
decrease the theoretical uncertainty of the standard model predictions for precision observables. As part of the higher 
order irreducible contributions to p, the QCD correction is resummed together with the electroweak 2-loop irreducible 
term as indicated in Eq. (104). 

Beyond the G^m^as approximation through the p-parameter, the complete 0{aas) corrections to the self energies 
are available from perturbative calculations | |5^ and by means of dispersion relations js^ . All the higher order terms 
contribute with the same positive sign to Ar, thus making the top mass dependence of Ar significantly flatter. This 
is of high importance for the indirect determination of mt from Mw measurements, which is affected by the order of 
10 GeV. Quite recently, also non-leading terms to Ar of the type 



— «i^ + a2^ 



have been computed |5j]. For mj = 180 GeV they contribute an extra term of +0.0001 to Ar and thus are within the 
uncertainty from Aa. 

(iv) Non-leading higher order terms: 

The modification of Eq. (104) by placing {l^r) remainder into the denominator 

— (114) 



^ " (1 - Aa) • (1 + ^Ap) - {Mrema^nder 

correctly incorporates the non- leading higher order terms containing mass singularities of the type \Qg{M z / m f) 

m 

The treatment of the higher order reducible terms in Eq. (114) can be further refined by performing in (Ar)remamder- 
the following substitution 



,2 ' _ 



G^M^(1 - Aa) (115) 



in the expansion parameter of the combination 



(5Ml 6M^ 



after cancellation of the UV singularity in the combination (89) or in the MS scheme with p, = Mz- This is discussed 
in ||5^ and is equivalent to the method described in |2^ as well as to the recipe given at the end of ref . . Numerically 
this modification is not of significance for a top quark not heavier than 200 GeV. 

The refined treatment of the non-leading reducible higher order terms can be considered as an improvement 
only in case that the 2-loop irreducible non-leading terms are essentially smaller in size. Irreducible contributions of 
the type G^mjM| are unknown, and one has to rely on the assumption that the suppression by 1/A^c relative to the 
2-loop reducible term is not compensated by a large coefficient. For bosonic 2-loop terms reducible and irreducible 
contributions are a priori of the same size and one does not gain from resumming 1-loop terms. In order to be on the 
safe side, the differences caused by the summation of non-leading reducible terms should be considered as a theoretical 
uncertainty at the level of 1-loop calculations improved by higher order leading terms, (see section 7.5). 
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Table 1: The W mass Mw as predicted by the Standard Model for AIz = 91.1884 GeV and various top and Higgs 
masses, based on Eq. (113). as = 0.123. All masses are in GeV. 



5.4 Predictions and experimental data 

The correlation of the electroweak parameters, complete at the one-loop level and with the proper incorporation of 
the leading higher order effects, is given by the following equation: 



M,l 1 



\ TTa 1 



\/2G^ (1 - Aa) ■ (1 + 4^Ap) - (Ar 

Txa 1 
V2G^ ■ 1 - Ar ■ 



remainder 



(116) 



The term Ar in Eq. (116) is an effective quantity beyond the 1-loop order, introduced to obtain the formal analogy 
to the naively resummed first order result in Eq. (103). Ap includes the 2-loop irreducible electroweak and QCD 
corrections to the p-parameter according to Eq. (110). The correlation (113) allows us to predict a value for the W 
mass after the other parameters have been specified. These predicted values for Mw are put together in table 1 for 
various Higgs and top masses. The present experimental value for the W mass from the combined UA2, CDF and DO 
results is 

M^P = 80.26 ±0.16 GeV. (117) 



We can define the quantity Ar also as a physical observable by 



na 



^r^l- , . (118) 

V2G, M^{1~^^ 



Experimentally, it is determined by AIz and the ratio Mw/Mz- Theoretically, it can be computed from Mz,G^,a 
after specifying the masses MH,mt by solving Eq. (113). Both electroweak and QCD higher order effects yield a 
positive shift to Ar and thus diminish the slope of the first order dependence on mt for large top masses. The effect 
on Ar coming from the modified p'^' in Eq. (107) is an additional weakening of the sensitivity to nit for large Higgs 
masses. 

The theoretical prediction for Ar for various Higgs and top masses is displayed in Figure 1. 

For comparison with data, the experimental la limits from the direct measurements of AIz = 91.1884 at LEP 



Ig] and Mw in pp, Eq. (117), are indicated. The constraints on the top mass obtained from these results completely 
coincide with the direct mt measurement at the Tevatron of mt = 180 ± 12 GeV The present experimental 
error does not allow a sensitivity to the Higgs mass. Precision measurements of Mw at LEP 200 will pin down the 
error to SAr = 0.0024 The expected precision in the determination of Ar matches the size of {Ar)remainder and thus 
will provide some sensitivity also to the Higgs mass. For virtual Higgs effects, however, the observables from the Z 
resonance are more suitable. 

5.5 Input from neutrino scattering 

The quantity resp. the ratio Mw /Mz can indirectly be measured in the class of low enery experiments comprising 
neutrino-quark, neutrino-electron, and electron-quark scattering. The two most precise informations come from the 
NC/CC neutrino- nucleon cross section ratios For an isoscalar target these ratios do not depend on the nuclcon 




Figure 1: Ar for AIh = 65 GeV (dotted) and Mh — 1 TeV (solid), with experimental ±lcr ranges. 



structure Q: 



with r = cr'^c/'^cc — 

The second factor in R^, has a very weak dependence on s^. Hence, measurements of iJ^ can directly be converted 
into values for Mw/Mz- This principal feature remains valid also after the incorporation of radiative corrections in 
Eq. (119). Besides the QED corrections, vertex corrections and box diagrams which do not depend on mj, Mh, the 
dominant effect ^ mf can simply be embedded in Eq. (119) by replacing 

2 2 1 2 A 

with Ap from Eq. (82). This is obvious from the expansion (86) together with Eq. (82). Since an increase in mt is 
equivalent to a slight shift in s^, the relation between R^, and {Mw /Mz)* is affected only marginally. This explains 
qualitatively the stability of Mw/Mz against variations of mt when extracted from R^,. 

The present world average on from the experiments CCFR, CDHS and CHARM 

sly^l- Ml, /Ml = 0.2253 ± 0.0047 (120) 
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(119) 



is fully consistent with the direct vector boson mass measurements and with the standard theory. 

The mixing angle which is measured in (anti)neutrino - electron scattering has a meaning different from the 
quantity in Eq. (120). It is much closer to the effective mixing angle determined at the Z peak and will be dealt 
with in the context of the Z boson observables in section 8.3. 

6 Renormalization schemes 

Before one can make predictions from the theory, a set of independent parameters has to be determined from exper- 
iment. This can either be done for the bare quantities or for renormalized parameters which have a simple physical 
interpretation. In a more restrictive sense, a renormalization scheme characterizes a specific choice of experimental 
data points to be used as input defining the basic parameters of the Lagrangian in terms of which the perturbative 
calculation of physical amplitudes is performed. 

Predictions for the relations between physical quantities do not depend on the choice of a specific renormalization 
scheme if we perform the calculation to all orders in the perturbative expansion. Practical calculations, however, are 
obtained from truncated perturbation series, making the predictions depend on the chosen set of basic parameters and 
thus leading to a scheme dependence. 

Differences between various schemes are formally of higher order than the one under consideration. The study 
of the scheme dependence of the perturbative results, after improvement by resumming the leading terms, allows us 
to estimate the missing higher order contributions. 

Parametrizations or 'renormalization schemes' frequently used in electroweak calculations are: 

1. the on-shell (OS) scheme with 

a, Mvy, Mz-, nif, Mh 

2. the Gfj, scheme with the basic parameters 

a, Gp, Mz, ruf, Mh 

3. the low energy scheme with the mixing angle as a basic parameter defined in neutrino-electron scattering: 

a, G^, sin^ 6*1,6, mj, Mh 

4. the * scheme where the bare parameters eo, G^, Sq are eliminated and replaced in terms of dressed running 
(/c^-dependent) parameters 

elik"), G^4fc2), sl{k^)- ruf, Mh 

5. the MS'-scheme. 

In the following we give some details on the MS scheme. 

The modified minimal subtraction scheme (Af5'-scheme) [^8[ |2^, ^ |3l] is one of the simplest ways to obtain 
finite 1-loop expressions by performing the substitution 

2 

- -7 + log47r + log^2 ^ logfj^ 

in the divergent parts of the loop integrals, Eq. (68). Formally, the M S self energies and vertex corrections are obtained 
by splitting the bare masses and couplings into MS parameters and counter terms 

M^ ^ M^ + SM^, eo^e + de, (121) 

where the counter terms together with field renormalization constants 

1 + 6Z, 

are defined in such a way that they absorb the singular parts proportional to 



A = 7 -I- log 47r . 

e 



As a consequence, self energies and vertex corrections in the MS'-scheme depend on the arbitrary scale fi. 
Perturbative calculations start from the Lagrangian with the formal MS parameters 

C{e,Mw,Mz,-.-)- 

The MS parameters fulfill the same relations as the corresponding bare parameters. In particular, the mixing angle 
in the MS'-scheme, denoted by s^, can be expressed in terms of the MS masses of W and Z in the following way: 

s2 = 1 _ ^ . (122) 



The relation of the MS parameters to the conventional OS-parameters is obtained by calculating the dressed vector 
boson propagators and the dressed electron-photon vertex in the Thomson limit in the M5-scheme and identifying 
the poles with the OS masses and the electromagnetic coupling with the classical charge. 

• The MS charge : 

The MS analogon of the OS charge renormalization condition Eq. (49) reads: 



1 £ Sl^(O) 

i--n2_(o) + f 

2 MS^ c Ml 



e. 



(123) 



The l.h.s. is the coupling constant of the dressed electromagnetic vertex in the Thomson limit which has to be identified 
with the classical charge. 

The MS self energies in Eq. (123) read explicititly: 



AT(0) 



167r2 



sE^^log^J + Slog-f--, 



(0) 



log^!- 



(124) 



A natural scale for electroweak physics is given by /U = Mz- Hence, the correlation between e and e involves large 
logarithms from the light fermions which can be resummed according to the RGE (101). The bosonic terms are small. 
Resummation leads to the relation 

(125) 



1 + 



yl'>'(0) + 4 log 



Inverting this equation yields the MS charge expressed in terms of the OS charge 

„2 



1 



A7(0)+4 1og^ 



(126) 



Choosing ji = Mz we can evaluate the expression in (126) to obtain the MS fine structure constant at the Z mass 
scale 

a = . . (127) 



with the value 



1 - Aq 



Ad = 0.0682 ± 0.0007 - ^ log — + -^^ 

97r ^ Mz 27r 



logc^ 



(128) 



The first term is due to the light fermions. It can be obtained from the quantity in Eq. (96) by adding the constant 
term 

'5 55 (^ + ^) 



27 



The uncertainty in Eq. (128) is the hadronic uncertainty of Aa in Eq. (96). 

a has to be distinguished from the effective charge at the Z scale introduced in Eq. (109) which contains only 
the light fermion contributions. A heavy top quark decouples in Aa according to Eq. (91), but does not decouple in 
Ad. Numerically one finds 

(q;)-i = 128.08 ±0.02 ±0.09 (129) 

for mt = 180 ± 12 GeV. 



• The MS mixing angle: 

The MS mass parameters M^,M| enter the corresponding transverse propagators together with the self energies as 
follows {V = W,Z): 

Dv = (130) 

fc2-M2+I]^(fc2) 

The OS-masses fulfill the pole conditions 

Ml-Ml + Re S^(M2 ) = (131) 

yielding My expressed in terms of the OS-masses: 

M2 = m2 + ReS^(M2). (132) 

The mass parameters My are /^-dependent. We can choose fi = Mz as the natural scale for electroweak calaculations, 
as done also for a. 

The self energies ^jjg are obtained from the expressions given in section 4.3 by dropping everywhere the singular 
term A and substituting 

e — > e, sw ~* s, cw — * c 

in the couplings, with = 1 — s^. It is convenient to remove the overall normalization factors and to write for the 
real parts: 

2 



^^^lls = i£2^^(fc')- (133) 



The mixing angle in the A'/5-scheme, defined in Eq. (122), can be related to the OS mixing angle Sy^ = 1 — ^wl-^'z 
by substituting from Eq. (132), yielding 



= Sw + Cw Xjjg, = (1 - Xjjg) (134) 

with 

_ (Aw{Ml,) Az{Ml)\ Az{Ml) 

Making use of the property 



S2 V M^ &Ml J \ s2 ^2^2 



the relation (132) can simplified: 



.2 _ ,2 , AzjMl) - Aw{M^) , . 

' + F M% • ^^^^> 

The leading 2-loop irreducible contributions are incorporated by adding in (136) the extra term Ap^^^ with Ap^^^ 
from Eq. (110). 



Eq. (136) determines in terms of the OS parameters, has to be taken from Eq. (126) or (127), respectively, 
for /i ~ Mz- NumericaUy it is very close to the effective leptonic mixing angle at the Z peak. 

One can obtain also in a more direct way from the experimental data points a, G^^, Mz-, without passing first 
through the OS-calculation, by deriving the effective Fermi constant in the A/S'-scheme 

^ - ' (137) 



y/2 SPc^pM^ 1-A 



r 



where 



S 



VB 



^ , 7-5s^ + g^(3cyc^-10) ^ , 
6 + logcvi^ 



,2 



(138) 



together with 



P = , y_ ■ (139) 

For given parameters a, G^, M^, rrit, Mh the solution of this set of equations yields the quantities s^, p together with 
Miy. Af is a small correction and has only a mild dependence on the top and Higgs masses. 

The term 5vb in Af is the vertex and box correction to the muon decay amplitude in the M5'-scheme [Q. The 
given expression refers to a mixed Af S* - on-shell calculation of the loop diagrams where A/iS-couplings are used but 
on-shell masses in the propagators. Numerically the differences to the corresponding expression exclusively with MS 
parameters is insignificant (< 3 • 10^^). The main difference to the on-shell quantity Svb h^ Eq. (137) (besides the 
parametrization) is the extra additive term 

log c^y = log — 5- for fi = Mz 

TT TT /i-^ 

arising from the UV singularity in the sum of the diagrams. 

The MS quantities a, are formal parameters which have no simple relation to physical quantities. The interest 
in these parameters is based on two important features: 

• They are universal, i.e. process independent, and take into account the universal large effects from fermion loops. 
Expressing the NC coupling constants (see section 7.1) for the Zff vertices in terms of a, yields a good 
approximation to the complete results (148): 

V2G,Mlpf = ^(14-%.), 

s} = + 5s} . (140) 

The flavor dependent residual corrections 5pf and 5s} are small and practically independent of rat and Mh- An 
exception is the Zhh vertex, where also non- universal large top terms are present [ p9| . 

• The knowledge of the values for a and at the Z scale allows the extrapolation of the SU(2) and U(l) couplings 

= «2(M) = i2py (141) 

to large mass scales and, together with the strong coupling constant as{p?') in the Af5-scheme, to test scenarios 
of Grand Unification. In particular the minimal SU(5) model of Grand Unfication predicts with a and as as input 

which is in disagreement with the experimental result (table 7). Supersymmetric models of Grand Unification, 
"111. 



however, are in favor |60 



7 Z physics in electron-positron annihilation 

The measurement of the Z mass from the Z Une shape at LEP provides us with an additional precise input parameter 

besides a and G^. Other observable quantities from the Z peak, like total and partial decay widths, asymmetries, 
r-polarization, allow us to perform precision tests of the theory by comparison with the theoretical predictions. 

In lowest order, the Z obscrvablcs are completely fixed in terms of a, G^, Mz applying the rules and relations 
of section 2 to compute the Born 7 and Z exchange diagrams. Since 1-loop terms are of the order aj-K and typically 
enhanced by factors ~ logAf|/mj or ^ m^jM'^, the size a/n = 0.0023 in view of experimental precisions of a few 
10""^ immediately signals the need for dressing the Born amplitudes by next order contributions. 



7.1 Amplitudes and effective couplings 

A gauge invariant subset of the 1-loop diagrams to e+e~ ff are the QED corrections: The sum of the virtual photon 
loop graphs is UV finite but IR (= infra-red) divergent because of the massless photon. The IR-divergence is cancelled 
by adding the cross sec;tion with real photon bremsstrahlung (after integrating over the phase space for experimentally 
invisible photons) which always accompanies a realistic scattering process. Since the phase space for invisible photons 
is a detector dependent quantity the QED corrections cannot in general be separated from the experimental device. 

Our discussion will concentrate on the residual set of 1-loop diagrams, the non-QED or weak corrections. This 
class is free of IR-singularities but sensitive to the details beyond the lowest order amplitudes. The UV-singular terms 
associated with the loop diagrams are cancelled by our counterterms of section 3 as a consequence of renormalizability. 
The 1-loop amplitude for e+e~ ff contains the sum of the individual contributions to the self-energies and vertex 
corrections (including the external fermion self-energies via wave function renormalization) . The essential steps for 
getting the total amplitude finite are: expressing the tree diagrams in terms of the bare parameters Cq, Af^^, 
expanding the bare quantities according to Eq. (46,86), and inserting the counterterms given by Eq. (48) and (49). 
After some lengthy calculations the total amplitude around the Z pole can be cast into a form close to the lowest 
order amplitude 

^(e+e- ^ // ^ //) =A^+Az + {box) 

as the sum of a dressed photon and a dressed Z exchange amplitude plus the contribution from the box diagrams 
which are numerically not significant around the peak (relative contribution < 10~^). For theoretical consistency (gauge 
invariance) they have to be retained; for practical purposes they can be neglected in Z physics. Resummation of the 
iterated self-energy insertions in the photon and Z propagators brings the finite Z decay width into the denominator, 
and treats the higher order leading terms in the proper way. Since the leading terms arise from fermion loops only, 
we do not have problems with gauge invariance; the bosonic loop terms have to be understood as expanded to strict 
1-loop order. Numerically their resummation does not yield significant difi^erences but allows a simple and compact 
notation. 

Dressed photon amplitude: 

The dressed photon exchange amplitude, with (pg+ +Pe-)^, 

= • ^ • [(1 + F^'^)^, - ® [(1 + F^f)^^ - F]f^^^,] . (142) 

l-t-llT^(s) 3 L J 

contains II'*' as the 7 self-energy subtracted at s = 0. Writing it in the denominator takes into account the resummation 
of the leading log's from the light fermions, around the Z given by 

Krmi^) = -0-0593 - 1^ log ^ ± 0.0007 + i f E • (143) 



The form factors Fv^a{s) arise from the vertex correction diagrams together with the external fermion self-energies. 
They vanish for real photons: Fy'^l [Q) = 0. The typical size of the various corrections is (real parts): 

IP [Ml) = -0.06 
F^'iM'z) ^ FTiM'z) ^10-^ 



For the region around the Z peak, the photon vertex form factors are negligibly small. 



Dressed Z amplitude and effective neutral current couplings: 

More important is the weak dressing of the Z exchange amplitude. Without the box diagrams the corrections factorize 
and we obtain a result quite close to the Born amplitude: 



Az = V2G^,Ml{pePfy^^ ■ 



(144) 



s-Ml+ij^- MzTz 



The weak corrections appear in terms of fermion-dependent form factors p and k in the coupling constants and in the 
width in the denominator. 

The s-dependence of the imaginary part is due to the s-dependence of ImE^; the linearization is completely 
sufficient in the resonance region. Wc postpone the discussion of the Z width for the moment and continue with the 
form factors. 

The form factors p and k in Eq. (144) have universal parts (i.e. independent of the fermion species) and non- 
universal parts which explicitly depend on the type of the external fermions. The universal parts arise from the 
counterterms and the boson self-energies, the non-universal parts from the vertex corrections and the fermion self- 
energies in the external lines: 



Pe,f = 1 + (Ap)„„i„ + (Ap) 
KeJ = 1 + {AK)univ + (Ak) 



non — univ 



(145) 



non — umv 



In their leading terms the universal contributions are given by 



(Ap). 



Ap + - 



(146) 



with Ap from Eq. (82). For incorporating the next order leading terms one has to perform the substitutions . 

1 



PeJ = 1 + Ap + 



Ke,/ = 1 + — Ap- 
SW 



1-Ap^'" 

l + ^Ap+. 
sw 



with Ap from Eq. (110). 

The leading structure of the universal parts can easily be understood from the bare amplitude with the counter 
term expansion 



4„0 2 02 



4s2 



1 + 
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f,2 _ 2 
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/(5M| 
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Sw 


\Ml 




6Ml 
Ml 


SM^ 


+ ••• 





and 



5Ml 



in the quadratic mt-term. Thereby, was introduced by means of Eq. (87) together with the expression (98) for Ar. 
In a similar way one finds from Eq. (86): 



„02 _ 2 

— 



1 + 



6Ml 



SM^ 



— SvF 



l + ^Ap + ' 



recovering (Ak) 



The factorized Z amplitude allows us to define NC vertices at the Z resonance with effective coupling constants 
synonymously to the use of pf,Kf: 



J. 



NC 



The complete expressions for the effective couplings read as follows: 

1 - Ar ^ 



(147) 



9l = 



A = 



Vf + 2swcw Qf 



1 + n'r(M|) 



zf 



1/2 



i + n^(M|) 



Zf 



1 - Ar 



1/2 



i + n^(M|; 



(148) 



The building blocks are the following finite combinations of 2-point functions, besides Ar in Eq. (89), evaluated at 



Mi 



s-Ml 



5M 



Ml 



z 5MI. ^^swT.-^^{Q)\ 



2-^^(5) - £■'^(0) cw (SMl SM^ 



S'y^(O) 

-Jq- 



cw M. 



(149) 



and the finite vector and axial vector form factors Fv,a at s = from the vertex corrections together with the 
external fermion wave function renormalizations 



2^ |7.^^/(^) - 7.75F/(.) + /i7,(l - 75) • — ^| , 

after splitting off the singular part ~ £'''■^(0). Due to the imaginary parts of the self energies and vertices, the form 
factors and the effective couplings, respectively, are complex quantities. The approximation, where the couplings are 
taken as real, is called the "improved Born approximation" . 

The Zbb couplings: 

The separation of a universal part in the effective couplings is sensible for two reasons: for the light fermions (/ 7^ b, t) 
the non-universal contributions are small, and (practically) independent of the unknown parameters mt^Mu which 
enter only the universal part. This is, however, not true for the 5-quark where also the non-universal parts have a 
strong dependence on mt p9| resulting from the virtual top quark in the vertex corrections. The difference between 
the d and b couplings can be parametrized in the following way 

Pb = Pd{l + Tf, sl^sl{l + T)-^ (150) 

with the quantity 

T = Ar(i) + At(2) + At("=) 

calculated perturbatively, at the present level comprising: the complete 1-loop order term |^ with Xt from Eq. (105): 

the leading electroweak 2-loop contribution of 0{G'j^mf) ^ 

Ar(^) = -2a;?T(^) , (152) 

where r*^^-' is a function of MH/rrit with r^^^ = 9 — 7r^/3 for Mh <C mt; the QCD corrections to the leading term of 
0(a,G^m2) g 

Ar("=)=2xf^-^, (153) 

TT 3 



and the 0{as) correction to the \ogmt/Mw term m (151), with a numerically very small coefficient ||64| . 

For Mh > 'i.mt a good approximation for the 2-loop coefficient r'^^ is given by the asymptotic expression 
with r = {mt/MHY'- 
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Effective mixing angles: 
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Figure 2: sin'^ 9e for Mh — 65 GeV (lower line) and Mh — 1 TeV (upper line). Also shown are the experimental data 
(±1(T ranges) for rut and Sg (LEP/SLC average). The dotted curve includes only the fermionic loop effects via Aa 
and Ap. 



Due to the imaginary parts of the self energies and vertices, the form factors and the effective couplings, respectively, 
are complex quantities. We can define effective mixing angles according to 



4 := sin^ Of = si Re = (l - ^] . (155) 



nit 


M„ = 65 


100 


300 


1000 


150 


0.2319 


0.2321 


0.2327 


0.2334 


160 


0.2316 


0.2318 


0.2324 


0.2331 


170 


0.2313 


0.2315 


0.2321 


0.2328 


180 


0.2310 


0.2312 


0.2318 


0.2325 


190 


0.2306 


0.2308 


0.2314 


0.2322 


200 


0.2303 


0.2305 


0.2311 


0.2318 



Table 2: The effective on-resonance mixing angle Sg for electrons as predicted by the Standard Model for Mz — 91.1884 
GeV and various top and Higgs masses (in GeV). as = 0.123. 



from the effective coupling constants in (148). They are of particular interest since they determine the on-resonance 
asymmetries, which will be discussed later in section 7.4. Compared to s^, the on-resonance couplings are less sensitive 
to mt than the W mass. 

In table 2 we put together the Standard Model predictions for the leptonic (electron) mixing angle Sg for various 
values of nit and Mh- For the light quarks, the corresponding are very close to the leptonic values (-0.0001 for u, 
-0.0002 for d quarks). Signficantly different is only s^: +0.0014 for nit = 180 GeV. Figure || displays the compatibilty 
of Sg with the data. 



7.2 The Z line shape 

The integrated cross section a{s) for e^e^ ff around the Z resonance with unpolarized beams is obtained from the 
formulae of the previous section in a straight forward way, expressed in terms of the effective vector and axial vector 
coupling constants. It is, however, convenient to rewrite a{s) in terms of the Z width and the partial widths Fg, Tf 
in order to have a more model independent parametrization. The following form []65| , |6^ includes final state photon 
radiation and QCD corrections in case of quark final states: Q 

127rFgF/ ( s s - Af| Tz 

~ I s - Af| + iMzTzis) \^\Ml^^^ ~Mf~ + + ' 

+ ^^^^Q}nI,Kqcd{1 + Sqed) (156) 

OS 



with 



s s- Mli 



rz(.s) = F.^^ + .:i^ + ...^ (157) 



and n[. = 1 for leptons and = 3 for quarks. The QCD correction in case / = q is given in Eq. (172). The terms 
i?/, //, e are small quantities calculable in terms of the basic parameters. Rf and // describe the ^-Z interference 
(improved Born approximation) 



"^QeQfgygl 47ra(s) 

[{fv? + {9A?]yv? + {9{?]^G,Ml 



^ 2Q^Qfg^ Pis^s^^^ 

[{9'vY + {9\?]yv? + {9i?]^G,Ml Ml 



and the last term is the QED background from pure photon exchange with 



' i + Ren}g_(s) 

^Since initial state photon radiation is treated separately the QED correction factor in Eq. (170) has to be removed in Fe. 



and n^erm from Eq. (143). The small correction 

is due to finite fermion mass effects in the final states. If and e have negligible influence on the line shape. 

The s-dependent width gives rise to a dislocation of the peak maximum by ~ — 34 GeV 67, 6^ The first term in 
the expansion (156) is the pure Z resonance. It differs from a Breit-Wigner shape by the s-dependence of the width: 

By means of the substitution |68| 

s - M| + isTz/Mz = (1 + n){s - M| + lilzTz) (160) 

with 

Mz = Mz{l + i^r''\ Vz = Tz{l+i^r^'\ 7-^ (161) 

Mz 

a Breit-Wigner resonance shape is recovered: 

ares{s)=(TQ (162) 

Numerically one finds: Mz — Mz — —34 MeV, Tz — — —1 MeV. ctq is not changed. Mz corresponds to the real 
part of the S'-niatrix pole of the Z-resonance |^ . 

QED corrections: 

The observed cross section is the result of convoluting Eq. (156) with the initial state QED corrections consisting of 
virtual photon and real photon bremsstrahlung contributions: 

Tobsis)^ dkH{k)a{s{l-k)). (163) 



kmax denotes a cut to the radiated energy. Kinematically it is limited by 1 — Arrij/s or 1 — 4m^/s for hadrons, 
respectively. For the required accuracy, multi-photon radiation has to be included. The radiator function H{k) with 
soft-photon rcsummation and the exact O(a^) result for initial state QED corrections is given by 

The QED corrections have two major impacts on the line shape: 
• a reduction of the peak height of the resonance cross section by 



peak ^ peak 
ohs — ^res 



^)(l + 5r+^) ^ 0.74<f , (164) 



a shift in the peak position compared to the non-radiative cross section by [ }7l[ 



A^Smax = -j-r^ (165) 



resulting in the relation between the peak position and the nominal Z mass: 



A^Smax ^ Mz + -J-Fz 



8 AMz 

89 MeV. (166) 



It is important to note that, to high accuracy, these effects are practicaUy universal, depending only on Mz and Tz 
as parameters. This allows a model independent determination of these parameters from the measured line shape. 



A final remark concerns the QED corrections resulting from the interference between initial and final state 
radiation. They are not included in the treatment above, but they can be added in 0{a) since they are small anyway. 
For not too tight cuts, as it is the case for practical applications, these interference corrections to the line shape are 
negligible and we do not list them here. 

From line shape measurements one obtains the parameters Mz, F^, do or the partial widths, respectively. 
Whereas Mz is used as a precise input parameter, together with a and G^, the width and partial widths allow 
comparisons with the predictions of the Standard Model to be discussed next. 

7.3 Z widths and partial widths 

The total Z width Tz can be calculated as the sum over the partial decay widths 



nz ^ //) 



(167) 



where the ellipses indicate other decay channels which, however, are not significant. The fcrmionic partial widths, 
when expressed in terms of the effective coupling constants defined in section 7.1, read: 
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The photonic QED correction 
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YItx 



is very small, maximum 0.17% for charged leptons. 
The QCD correction for hadronic final states is given by 
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for the light quarks with rriq ~ 0. 

For b quarks the QCD corrections are different due to finite b mass terms and to top quark dependent 2-loop 
diagrams for the axial part ||7^ : 
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Table 3: Partial and total Z widths in MeV for various top and Higgs masses (in GeV). a., = 0.125. Not listed are the 
values for Tt = 0.9977 and which are very close to r„. 



with 

^ = loe 



Ml 



and 

I{x) ~ -9.250 + 1.037a; + QM2x^ + 6 log(2VS) • 

The finite 6-niass terms contribute +2 MeV to the partial Z width into h quarks. Moreover, the top mass dependent 
correction at the 2-loop level yields an additional, but negative, contribution. For large mt this top-dependent term 
cancels part of the positive and constant correction resulting from mb 7^ in 0{as). 

Radiation of secondary fermions through photons from the primary final state fermions can yield another sizeable 
contribution to the partial Z widths which, however, is compensated by the corresponding virtual contribution through 
the dressed photon propagator in the final state vertex correction. For this compensation it is essential that the analysis 
is inclusive enough, i.e. the cut to the invariant mass of the secondary fermions is sufficiently large fz^ . 

In table 3 the Standard Model predictions for the various partial widths and the total width of the Z boson are 
collected. They include all the electroweak, QED and QCD corrections discussed above. Of particular interest are the 
following ratios of partial widths 

Rhad = -pr^, Rb = Rc :pr^- (174) 

e ^ had ^ had 



7.4 Asymmetries 

7.4.1 Left-right asymmetry 

The left-right asymmetry is defined as the ratio 



A,n = (175) 



where ctj^^r-^ denotes the integrated cross section for left (right) handed electrons. A^r, in case of lepton universality, 
is equal to the final state polarization in r-pair production: 



Aloi = Alr . (176) 



The on-resonance asymmetry (s — M^) in the improved Born approximation is given by 



z) 

Alr{MI) = a + AAi^, + AA?^ (177) 



/ 










0.1511 


0.0002 


-0.0009 


T 


0.1511 


0.0002 


-0.0009 


C 


0.1511 


0.0005 


-0.0003 


b 


0.1511 


0.0004 


-0.0001 



Table 4: Contributions to the on-resonance left-right asymmetry for various final state fermions. sin^ Be = 0.2314. 



where the combination 

2g^g^ _ 2(l-4sin^ 



i9vr + {9Ay l + (l-4sin2 0,)2 

depends only on the effective mixing angle Eq. (155) for the electron. The small contributions from the interference 
with the photon exchange 

(5y'+5^^)(.9(■V5^)^/2G,M| Mz 

and from the pure photon exchange part 

are listed in table 4 for the various final state fermions. Except from lepton final states, they are negligibly small. Mass 
effects from final fermions practically cancel. The same holds for QCD corrections in the case of quark final states, 
final state QED corrections, and QED corrections from the interference of initial-final state photon radiation. Initial 
state QED corrections can be treated in complete analogy to Eq. (163) appHed to cri,fl(s). Their net effect in the 
asymmetry is also very small and practically independent of cuts |7^, A^ji thus represents a unique laboratory 
for testing the non-QED part of the electroweak theory. Measurements of Alr are essentially measurements of sin^ 6^ 
or of the ratio gy/ g\- 

7.4.2 Forward-backward asymmetries 

The forward-backward asymmetry is defined by 

A,B ^ (181) 



with 



aF= I dn%, UB^ ! dn%. (182) 

e>7r/2 J0<TT/2 



For the on-resonance asymmetry (s — A/|) we get in the improved Born approximation: 



Af IS defined as 



* V i9vr + {9A) J 

2gWA 2(1-4 I I 4) 

' i9(.r + i9ir i + (i-4iQ/i4)^ 



/ 




mass correction 




^A% 




0.0171 


< 10-6 


0.0018 


-0.0001 


r 


0.0171 


1.3 • 10-5 


0.0018 


-0.0001 


c 


0.0758 


2.5 • 10-5 


0.0011 


-0.0002 


b 


0.1061 


1.5 • 10-5 


0.0004 


-5 • 10-5 



Table 5: On-resonance forward-backward asymmetries for s? — 0.2314. 



with the short-hand notation for the effective mixing angle in Eq. (155): 

= sin^ 6f . 

The small contributions AApg result from the the interference with the photon exchange 



AM 



3 2Q,Qfg-^g{ 47ra(M|) 

and from the pure photon exchange part: 



imn'> 



(185) 



^A% 



3 AeAfQiQj / 47rQ(Af|) \ / Tz 

H9v'+9a'){9'v+9'a)\^G,MI) \Mz 



(186) 



The on-resonance asymmetries are essentially determined by the values of the effective mixing angles for e and / 
entering the product A^Af. Through s\ ^ also the dependence of the asymmetries on the basic Standard Model 
parameters mt,MH is fixed. The small corrections from finite mass effects, interference and photon exchange can be 
considered practically independent of the details of the model. For demonstrational purpose we list in table 5 the 
various terms in the on-resonance asymmetries according to Eq. (183) for a common value of the effective mixing angle 
sl = sj = 0.2314. 

Final state QED corrections: 

According to the representation of ApB as the ratio of the antisymmetric to the symmetric part of the cross section, 
the effects can be summmarized as follows: 



If no cuts are applied, only the symmetric part 
gets a correction: 



3a 
47r 



whereas |7§ 



This results in a correction to the asymmetry 



5{aF - (Tb) = . 



ApB ApB ■ [l-^Q) 



3a 



(187) 
(188) 

(189) 



which is a very small negative contribution (< 0.17 % relative to Afb)- 



QCD corrections: 

Quite in analogy, for the QCD single gluon emission [^9[ ^ the following correction to the asymmetry for quark final 
states with rriq — > arises: 

Afb ^ Afb • f 1 - — ) • (190) 



For massive quarks, the QCD final state corrections can be included by multiplying the purely electroweak asymmetry 
by a factor 

1-— A,. (f9f) 

IT 



The coefficient is, to a very good approximation (1%) for the known quarks given by [^T 

f6 rn, 



A,^l-f^ + ... (192) 

which yields 

f for u, d-quarks 

.1 f — 0.02 for s-quarks (An-r\ 
^1 ^ \ 1 - 0.07 for c-quarks ^ ' 

1 — 0.21 for 6-quarks 

with rUs = 500 MeV, TOc = 1.5 GeV, rrifc = 4.5 GeV. The exact formulae are given in the report "Heavy Quarks" |83|1 . 
Initial state QED corrections: 

As we know from the integrated cross section, the initial state corrections give rise to a significant reduction of the 
peak height which is due to the rapid variation of cr(s) with the energy. Since the asymmetry Apb{s) is a steeply 
increasing function around the Z the energy loss from initial-state radiation s — > s' < s leads to a reduction in the 
asymmetry as well: 

ApBis') < Apsis) . 

Quantitatively, the 0{a) correction to Aps for muons close to the peak SApB — —0.02 is of the order of the on- 
resonance asymmetry itself. Therefore it is obvious that also the higher order QED contributions have to be taken 
into account carefully. 

We can express the initial state QED corrections to Aps in a compact form, quite in analogy to the convolution 
integral for the integrated cross section a{s) in Eq. (163): 

Apb{s) = —- dk \ ' Hik) apsis'), A:,„,, <1 ^- . (194) 

The basic ingredients are the expression for the non-radiative antisymmetric cross section are 

crpsis) = a-pis) - a sis) 

and the radiator function Hik). The quantity 

= (l-fc)s = (p/+p/)2 

is the invariant mass of the outgoing fermion pair. The effect of the change in the scattering angle by the boost from 
the //—cms to the laboratory frame is taken into account by the kinematical factor in front of H in the convolution 
integral. 

H is different from the radiator function H for the symmetric cross section in Eq. (163) in the hard photon 
terms. According to the present status of the calculation, H contains the exact 0(a) contribution |8^ the 

O(a^) contributions in the leading- log approximation p5[ , and the resummation of soft photons to all orders ^2[ . 

The behaviour oi Aps under initial state QED corrections is qualitatively similar to that of the integrated cross 
section where the higher order QED contributions bring the prediction closer to the lowest order result compared to 
the Oia) corrections. 



The QED corrections from the interference of initial-final state radiation are very small (| SAps \< 0.001) if 
no tight cuts to the photon phase space are applied. More restrictive cuts make the interference contributions to 
ApB important exceeding the level of 0.01 (for muons) when the photon is restricted to energies below 1 GeV |8^ . 
The complete set of QED corrections is available in (semi-) analytic form, exact in 0{a) and with leading higher 
order terms, also for situations with cuts, covering: energy or invariant mass cuts, accoUinearity cuts, acceptance cuts 
86, p7; 88 showing agreement within 0.2%. 



7.5 Uncertainties of the Standard Model predictions 

In order to establish in a significant manner possibly small effects from unknown physics we have to know the uncer- 
tainties of our theoretical predictions which have to be confronted with the experiments. 

The sources of uncertainties in theoretical predictions are the following: 

• the experimental errors of the parameters used as an input. With the choice a, G^, and Mz from LEP we can 
keep these errors as small as possible. The errors from this source are then determined by 6Mz since the errors 
of a and are negligibly small. For any of the mixing angles with s^, s^, s'j 

— Mz 

one finds 

5s^ -2-10-^ 



• the uncertainties from quark loop contributions to the radiative corrections . Here, we have to distinguish two 
cases: the uncertainties from the light quark contributions to Aa and the uncertainties from the heavy quark 
contributions to Ap. In both cases the uncertainties are due to strong interaction effects, which are not sufficiently 
under control theoretically. The problems are due to: 

(i) the QCD parameters. The scale of as and the definition and scale of quark masses to be used in the calculation 
of a particular quantity are quite ambiguous in many cases. 

(ii) the bad convergence and/or breakdown of perturbative QCD. In particular at low and in the resonance 
regions theoretically poorly known nonperturbative effects are non-negligible. 

The theoretical problems with the hadronic contributions of the 5 known light quarks to Aa can be circumvented 
by using the experimental e"'"e~-annihilation cross-section cr(ot(e"'"e~ ^ 7* — > hadrons). The error 

5(Aa) = ±0.0007 

is dominated by the large experimental errors in crtot(e^e^ 7* ^ hadrons) and can be improved only by 
more precise measurements of hadron production in e"'"e~-annihilation at energies well below Mz- The present 
uncertainty leads to an error in the W^-mass prediction 

5Mw ^ SjAr) 
Mw cl, - si, 2(1 - Ar) 

of SMw = 13 MeV and (5sin^6' = 0.00023 in the prediction of the various weak mixing parameters s^,,P,s'j. 
This matches with the present (and even more the future) experimental precision in the electroweak mixing angle. 

• The uncertainties from the QCD contributions, besides the 3 MeV in the hadronic Z width from Sag = 0.006, 
can essentially be traced back to those in the top quark loops for the p-parameter. They can be combined into 
the following errors pof , which have improved due to the recently available 3-loop result: 

S{Ap) ~ 1.5 • 10"^ Ssj ~ 0.0001 

for rrit = 174: GeV, and slightly larger for heavier top. 

• the uncertainties from omission of higher order effects. The size of unknown higher order contributions can be 
estimated by different treatments of non-leading terms of higher order in the implementation of radiative correc- 
tions in electroweak observables ('options') and by investigations of the scheme dependence. Explicit comparisons 
between the results of 5 different computer codes based on on-shell and MS calculations for the Z resonance 
observables are documented in the "Electroweak Working Group Report" |Q in ref. (see also ^^). The 



typical size of the genuine electroweak uncertainties is of the order 0.1%. The following table 6 shows the uncer- 
tainty in a selected set of precision observables. In particular for the very precise the theoretical uncertainty 
is still remarkable. Improvements of the accuracy displayed in table 6 require systematic electroweak and QCD- 
electroweak 2-loop calculations. As an example for the importance of electroweak non-leading 2-loop effects, an 
explicit calculation of these terms has been performed for p (the overall normalization) in neutrino scattering : 
they are sizeable and comparable to the 0{G^mf) term. Hence, one should take the registered uncertainties also 
for the Z region very seriously. 



Observable O 


AcO 


A,0 


Mw (GeV) 


4.5 X 10- 


-3 


1.6 X 10- 


-2 


Te (MeV) 


1.3 X 10- 


-2 


3.1 X 10- 


-2 


Tz (MeV) 


0.2 




1.4 




5.5 X 10- 


-5 


1.4 X 10- 


-4 




5.0 X 10- 


-5 


1.5 X 10- 


-4 


Rhad 


4.0 X 10- 


-3 


9.0 X 10- 


-3 


Rh 


6.5 X 10- 


-5 


1.7 X 10- 


-4 


Rc 


2.0 X 10- 


-5 


4.5 X 10- 


-5 


a'^"'^ (nb) 


7.0 X 10- 


-3 


8.5 X 10- 


-3 


^FB 


9.3 X 10- 


-5 


2.2 X 10- 


-4 


^FB 


3.0 X 10- 


-4 


7.4 X 10- 


-4 


4'= 

^FB 


2.3 X 10- 


-4 


5.7 X 10- 


-4 




4.2 X 10- 


-4 


8.7 X 10- 


-4 



Table 6: Largest half-differences among central values (Ac) and among maximal and minimal predictions (Ag) for 
mt = 175 GeV, 60 GeV < Mh < 1 TeV and as(M|) = 0.125 (from ref. Q) 



observable 


t^-ir-r^ ( 1 on 

exp. ^lyyoj 


Standard Model prediction 


Mz (GeV) 


91.1884 ± 0.0022 


input 


Tz (GcV) 


2.4963 ± 0.0032 


2.4976 ± 0.0077 ± 0.0033 


cr^"" (nb) 


41.4882 ± 0.078 


41.457 ±0.011 ±0.076 




20.788 ± 0.032 


20.771 ±0.019 ±0.038 


i inv (,Me V ) 


/I no -U 


OUi.D it 1.1 


^b/^had — Rb 


0.2219 ±0.0017 


0.2155 ±0.0004 


^c/^had = Rc 


0.1540 ±0.0074 


0.1723 ±0.0002 


Ab 


0.841 ±0.053 


0.9346 ±0.0006 


Pi 


1.0044 ±0.0016 


1.0050 ±0.0023 


si (LEP) 


0.23186 ±0.00034 


0.2317 ±0.0012 




0.23049 ± 0.00050 


0.2317 ±0.0012 


LEP+SLC 


0.23143 ± 0.00028 




Mw (GeV) 


80.26 ±0.16 


80.36 ±0.18 



Table 7: Precision observables: experimental results and standard model predictions. 



8 Standard model and precision data 

8.1 Standard model predictions versus data 

In table 7 the Standard Model predictions for Z pole observables and the W mass are put together. The first error 
corresponds to the variation of mt in the observed range (1) and 60 < Mh < 1000 GeV. The second error is the 
hadronic uncertainty from as = 0.123 ± 0.006, as measured by QCD observables at the Z [Q. The recent combined 
LEP results on the Z resonance parameters, under the assumption of lepton universality, are also shown in table 
1, together with from the left-right asymmetry at the SLC The quantities pi, s'j are the leptonic NC coupling 
normalization and mixing angle, assumed to be universal. 

The value for the leptonic mixing angle from the left-right asymmetry A^n has come closer to the LEP result, 
but due to its smaller error the deviation from the cumulative LEP average is still about 3a. 

Significant deviations from the Standard Model predictions are observed in the ratios Rb — Tb/Thad and Rc — 
Lc/r^ad- The theoretical predictions are practically independent of Mh and as and only sensitive to nit- The 
experimental values, together with the top mass from the Tevatron, are compatible with the Standard Model at a 
confidence level of less than 1% (see Figure ^), enough to claim a deviation from the Standard Model. The other 
precision observables are in perfect agreement with the Standard Model. Note that the experimental value for 
exhibits the presence of genuine electroweak corrections by nearly 3 standard deviations. The importance of bosonic 
corrections is visible for Sg, Figure 2. 

8.2 Standard model fits 

Assuming the validity of the Standard Model a global fit to all electroweak results from LEP, SLD, pp and 
constrains the parameters mt, as as follows: 

mt = 178 ± 8^20 GeV, = 0.123 ± 0.004 ± 0.002 (196) 

with Mh = 300 GeV for the central value. The second error is from the variation of Mh between 60 GeV and 1 TeV. 
The fit results include the uncertainties of the Standard Model calculations. 

The W mass prediction in table 7 is obtained by Eq. (116) from Mz, G^, a and Mh, mt- The indirect determi- 
nation of the W mass from LEP /SLD data, 

Mw = 80.359 ± 0.055^0^24 GeV , 



is in best agreement with the direct measurement (see table 7). Moreover, the value obtained for as at Mz coincides 
with the one measured from others than electroweak observables at the Z peak |94 . 
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Figure 3: Contours in the Rb-Rc plane derived from LEP data, corresponding to 68%, 95% and 99.7% confidence level 
assuming Gaussian systematic errors. The short line with the arrow is the Standard Model prediction for mt — 180± 12 
GeV. The arrow points in the direction of increasing values of mt (from ref. ||^). 

8.3 Neutrino - electron scattering 

The cross section for /^.-neutrino electron scattering and the electroweak mixing angle measured by the CHARM II 
Collaboration agree with the standard model values: 

a{ve)/E^ = 16.51 ± 0.93) • 10"''^ cm^GeF"^ 
(SM : 17.23 • lO"'*^) 
siv^e^ = 0.2324 ±0.0083. (197) 

The mixing angle is determined from the ratio 

^ ^ ajv^e) ^ 1 + (1 - 4sin'g,e) + (1 - 4sin'g,e)' 
" a{D^e) ~ 1 - (1 -Asin^e^e) + (1 - -ism^O^e)^ 

It coincides with the result on s'j from the Z, table 7, as expected by the theory. The major loop contributions in the 
difference, the different scales and the neutrino charge radius, largely cancel each other by numerical coincidence ]97[| . 

8.4 The Higgs boson 

The minimal model with a single scalar doublet is the simplest way to implement the electroweak symmetry breaking. 
The experimental result that the p-parameter is very close to unity is a natural feature of models with doublets and 



singlets. In the standard model, the mass Mh of the Higgs boson appears as the only additional parameter beyond 
the vector boson and fermion masses. Mh cannot be predicted but has to taken from experiment. The present lower 
limit (95% C.L.) from the search at LEP is 65.2 GeV |9|. 

Indirect determinations of the Higgs mass can be obtained from the precsion data. The main Higgs dependence 
of the electroweak predictions is only logarithmic in the Higgs mass. Hence, the sensitivity of the data to Mh is not 
very pronounced. Using the Tevatron value for mt as an additional experimental constraint, the electroweak fit to all 
data yields Mh < 650 GeV with approximately 95% C.L. as shown in Figure ^ (see also |Q for similar results). 
These indirect mass bounds depend sensitively on small changes in the input data, and their reliability suffers at 
present from averaging data points which fluctuate by several standard deviations. As a general feature, it appears 
that the data prefer light Higgs bosons. 



Preliminary 




10 10 

[GeV] 

Fi gure 4: — — Xmin curves. Continuous line: based on all LEP, SLD, pp and uN data; dashed line: 

as before, but excluding the LEP+SLD measurements of Rf, and Re', dotted line: LEP data including measurements of 
Rb and Re- In all cases, the direct measurement of mt at the TEVATRON is included. (From ^) 

There are also theoretical constraints on the Higgs mass from vacuum stability and from absence of a Landau 

pole [100 1 as illustrated in Figure ||, and from lattice calculations |101]. 

A recent calculation of the decay width for H W^W~ , ZZ in the large Mh limit in 2-loop order |102| has 



shown that the 2-loop contribution exceeds the 1-loop term in size (same sign) for Mh > 930 GeV. The requirement 
of applicability of perturbation theory therefore puts a stringent upper limit on the Higgs mass. 

Higgs boson searches at LEP2 require precise predict ions for the Higgs production and decay signatures together 
with detailed background studies. For a recent report see |103|. 



9 Beyond the minimal model 

We want to conclude with an outlook on renormalizable generalizations of the minimal model and their effect on 
electroweak observables. Extended models can be classified in terms of the following categories: 

(i) extensions within the minimal gauge group SU(2)xU(l) with ptree = 1 

(ii) extensions within SU(2)xU(l) with ptree 7^ 1 




(iii) extensions with larger gauge groups SU(2)xU(l)xG and respective extra gauge bosons. 

Extensions of the class (i) are, for example, models with additional (sequential) fermion doublets, more Higgs doublets, 
and the minimal supersymmetric version of the Standard Model. 

9.1 Generalization of self energy corrections 

If "new physics" would be present in form of new particles which couple to the gauge bosons but not directly to the 
external fermions in a 4-fermion process, only the self energies are affected. In order to have a description which is as 
far as possible independent of the special type of extra heavy particles, it is convenient to introduce a parametrization 
of the radiative corrections from the vector boson self-energies in terms of the static p-parameter 

' MJ Ml, c„ Ml ^ ' 

and the combinations 

A 1 = J- n^-^ (M| ) - (M| ) 

Aa n''^(0)-n''''(M|). (199) 
The quantities in Eq. (199) are the isospin components of the self-energies 

Y?^ = — (E^T _ 52^^77) 

Sw 



= - 2svkS^^ + s^S^^) (200) 

in the expansions 



Rel]*^ (fc2) = E*^'(0) + k^n'^ik^) . (201) 



The A-notation above has been introduced in |104|. Several other conventions are used in the literature, for example: 



The S, T, U parameters of [ITOSl are related to (199) by 

.2 1 



S^^Ai, r=-Ap(0), C/=^A2, 
a 



4s 



the e-parameters of [106 by 



ei = Ap, e2 = -A2, £3 = Ai, 



the /i-parameters of |107 by 



1 47r 



47r 



■A, 



and the parameters of |T09l by 



Ap(0) 



1 



4V2G^ 



Ap, A3 



4V2G^c2, 



■Ai, A± = c^A3 



4x/2G, 



A,. 



(202) 
(203) 

(204) 
(205) 



Further hterature can be found in [110 . The combinations (196) of self energies contribute in a universal way to 
the electroweak parameters (the residual corrections not from self-energies are dropped since they are identical to the 
Standard Model ones): 



1. the Mw — Mz correlation in terms of Ar: 



= Aa - 4^Ap(0) - ^^^A2 + 2Ai 



2. the normalization of the NC couplings at Aff 



where the extra quantity 



Apf = Ap(0) + Az 



(206) 



(207) 



-(Mi) 



in (207) is from the residue of the Z propagator at the peak. Heavy particles decouple from Az- 
3. the effective mixing angles 



4 = (l+A.')s^ ~s^ = \(i- i- 



47ra(M|) 



ith 



Ak' = -- 



-w 



-Ap(0) 



Ai 



(208) 



(209) 



The finite combinations of self energies (198) and (199) are of practical interest since they can be extracted from 
precision data in a fairly model independent way. An experimental observable particular sensitive to Ai is the weak 
charge Qw which determines the atomic parity violation in Cesium ]108| 

= -73.20 ± 0.13 - 0.82Ap(0) - 102Ai (210) 

being almost independent of Ap(0). 

The theoretical interest in the A's is based on their selective sensitivity to different kinds of new physics. 
• AoL gets contributions only from light charged particles whereas heavy objects decouple. 



• Ap(0) is a measure of the violation of the custodial SU (2) symmetry. It is sensitive to particles with large mass 
splittings in multiplets. As an example, we have already encountered fermion doublets with different masses. An- 
other example are the Higgs bosons of a 2-Higgs doublet model |114, 11£ , 116 , 117| with masses , Mh, Mh, Ma 
and mixing angles (3, a for the charged ff* and the neutral h^,H^,A^ Higgs bosons, yielding 

Ap(0) = -^[sin2(a-/3)F(M^+,Ml,M^) 

+ cos2(a-/?)F(M^+,Ml,M2)] (211) 

with 

vz y xy X xz X 
r [x,y, z) — X ^ log log log - . 

y~z z x—y y x—z z 

For either A/^+ ^ Mneutrai or vice versa one finds a positive contribution 

Ap(0)~^^^^ or ^1^ML^>o, (212) 

Also a negative contribution 

Ap(0) < for M,i,H < Mh+ < Ma and Ma < Mh+ < M^^h 
is possible in the unconstrained 2-doublet model. 

• Ai is sensitive to chiral symmetry breaking by masses. In particular, a doublet of mass degenerate heavy fermions 
yields a contribution 

G^M^ 
127r2v^ ' 

whereas the contribution of degenerate heavy fermions to Ap(0) is zero. Hence, Ai can directly count the number 
Ndeg of mass degenerate fermion doublets: 



Ai ^ iv/ l^ii^ , (213) 



A{ = 4.5 • 10"'' • N, 



eg- 



Ai also gets sizeable contributions from models with a large number of additional fermions like in technicolor 
models. For example, Ai ~ 0.017 for Nxc — 4 and one family of technifermions [105, 111|. 



• A further quantity et has been introduced [112| in order to parametrize specific non- universal left handed contri- 
butions to the Zbb vertex via 

g\^gi{l + e,), g^^ / g>X ^ (1 - ^1 + e,) {1 + e,)-\ (214) 

Phenomcnologically, the are parameters which can be determined experimentally from the clectroweak precision 
data. An updated analysis [113| on the basis of the recent electroweak results yields for et, the value 

€6 = 9.9 ±4.5 (SM: -6.6) 

The large difference to the standard model value is an another way of visualizing the deviation between the measured 
and predicted number for the ratio Rf, (table 7). 

9.2 Models with ptree 7^ 1 

One of the basic relations of the minimal Standard Model is the tree level correlation between the vector boson masses 
and the electroweak mixing angle 

M^ 
M|cos2 0VF 

Many extensions of the minimal model, like those discussed in the previous section, preserve this feature. 

The formulation of the electroweak theory in terms of a local gauge theory requires at least a single scalar doublet 
for breaking the electroweak symmetry SU(2)xU(l) U(l)em- In contrast to the fermion and vector boson part, very 
little is known empirically about the scalar sector. Without the assumption of minimality, quite a lot of options are 



at our disposal, including more complicated multiplets of Higgs fields. In general models the tree level p-parameter 
Ptree — Po IS determined by 

where Vi , I^i are the vacuum expectation values and third isospin component of the neutral component of the i-th 
Higgs multiplet in the representation with isospin J^. The presence of at least a triplet of Higgs fields gives rise to 
Pq ^ 1. As a consequence, the tree level relations between the electroweak parameters have to be generalized according 
to 



sin^^vv ^ s^ = l-— ^ (215) 



and 



V2 SsjM^ SsjclpoMj 
Writing po ^ {1 — Apo)^^, we obtain for the mixing angle: 



(216) 



sl = l-^ + ^Ap^s'^ + clApo, (217) 



for the overall normalization factor in the NC vertex: 



^ (V2G^M|po)'^' , (218) 



and for the Mw — Mz interdependence: 



2seC0 



in complete analogy to what we have found from the top quark loops 
At the level of radiative corrections, a small Apo may be included by 



c 



,2 

w 



Ar^ Ar-^Apo (220) 



Pf Pf + Apo, s? ^ 4 + ^w^Po (221) 



for the Mw-Mz correlation, and 

for the normalization and the effective mixing angles of the Z ff couplings. 

A complete discussion of radiative corrections requires not only the calculation of the extra loop diagrams from 
the non-standard Higgs sector but also an extension of the renormalization procedure |l^, 118|. Since Mw,Mz and 
sin^ 9w (or po, eqivalently) are now independent parameters, one extra renormalization condition is required. A natural 
condition would be to define the mixing angle for electrons in terms of the ratio of the dressed coupling constants 
at the Z peak 

^ 1 - 

9a 

which is measureable in terms of the left-right or the forward-backward asymmetries. This fixes the counter term for 
4 by 

6sl c^ReTr*^{Ml) Ce S''^(0) 



si Se M| Se Ml 



AKe (222) 



with the finite part Aks of the electron-Z vertex correction. The counter terms for the other parameters a, Mz are 
treated as usual. With this input, we obtain a renormalized p-parameter and the corresponding counter term for the 
bare p-parameter pfj = p + (5p as follows: 



p = 






Mid' 




Sp 


SM^ 


SMl 


p 




Ml 



(223) 



r.2 



Other derived quantities are: 



The relation between Mw and Gn: 



V2G, 



1 - Ar 



with 



S^(0) 



The normahzation of the Z f f couphngs at 1-loop: 
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e^e 
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Ml 



Apf 



(224) 



(225) 



(226) 



ST^(O) 



where Ap/ denotes the finite part of the Zff vertex correction. 
The effective mixing angles of the Zff couplings: 

Ake + Ak/) 



4 



These relations predict the Z boson couplings, Mw and p in terms of the data points a^Gp,, Mz, s^. By this pro- 
cedure, the TTij-dependence of the self energy corrections to theoretical predictions is absorbed into the renormalized 
p-parameter, leaving a ~ \ogmt/Mz term as an observable effect. For the vertex, an additional rrij dependence is 
found in the non-universal vertex corrections Aph and Anh. This makes observables containing this vertex the most 
sensitive top indicators in the class of models with ptree 7^ 1- 

In the minimal Standard Model, the quantity equivalent to (223) can be calculated in terms of the data points 
a,Gf^, Mz and the parameters mt,MH- With the experimental constraints from Myy and the Z boson observables 
one obtains 

= 1.0103 ± 0.0015. (227) 

In the extended model we can get a value for p from directly using the data on and si = 0.23186 ± 0.00034 
yielding 

p = 1.0085 ±0.0040. (228) 

The difference p — psM can be interpreted as a measure for a deviating tree level structure. The data imply that it is 
compatible with zero. 

In a specific model one can calculate the value for p from 

na 1 

P 



V2GMlslcl 1-Ar 



(229) 



in terms of the input data a, Gf^, Mz, together with rrit and the parameters of the Higgs sector. Such a complete 
calculation has been performed for a model with an extra Higgs triplet, involving one extra neutral and a pair of 
charged Higgs bosons |119|. Figure^ shows that the model predictions coincide in the aerea of the experimental data 
points on mj and p from Eq. (228). 



9.3 Extra Z bosons 

The existence of additional vector bosons is predicted by GUT models based on groups bigger than SU(5), like Eq and 
S'O(IO), by models with symmetry breaking in terms of a strongly interacting sector, and composite scenarios. Typical 
examples of extended gauge symmetries are the 5*1/(2) x U{1) x [/(l),^^^^^ models following from Eq unification, or 
LR-symmetric models. In the following we consider only models with an extra U{1). 

The mixing between the mathematical states Zq of the minimal gauge group and Zq of an extra hypercharge form 
the physical mass eigenstatcs Z, Z' , where the lighter Z is identified with the resonance at LEP. The mass eigenstates 
are obtained by a rotation 

Z = cos 9m Zq + sin Om Zq 

Z' = - sin Qm Zq + cos 61a/ Z'q (230) 




100 120 140 160 180 200 220 240 

[GeV] 

Figure 6: The p parameter, Eq. (223), in the Standard Model (SM) and in a model with an extra Higgs triplet (TM). 
The masses of the non-standard Higgs bosons of TM are put to 300 GeV. p{TM) is calculated from Eq. (229) with 
the LEP input on Sg. 



with a mixing angle Om related to the mass eigenvalues by 

M'^ — 

tan^ 6m = , ,f ,J , = cos^ M| + sin^ M|, . (231) 

Mf^ denotes the nominal mass of Zq. In constrained models with the Higgs fields in doublets and singlets only, the 
usual Standard Model relation holds 

sm Ow = 1^ 



Ml 



between the masses and the mixing angle in the Lagrangian 



^-- = ^''^^'o+9'r,,Z,^ (232) 



with 

It is convenient to introduce the quantity 



2 



— ^ M^' ^ ~^ (233) 
with the physical mass of the lower eigenstate. For small mixing angles 6m we have the following relation: 

sin^ 9w = slr + 4vApz' (234) 

with 

Ml 
z 



Apz' =sm' 6m [j^ -I] . (235) 



The W mass is obtained from 



after the substitution (237): 



V2Gf, sin^ 9w{l- Ar) 



1 



1 - 



V2G^Aqpz' (1 - Ar 



(236) 



with pz' = (1 — Ap^/) ^. Formally, pz' appears as a non-standard tree level p-parameter. In all present practical 
applications the radiative correction Ar was approximated by the standard model correction. 

The mass mixing has two implications for the NC couplings of the Z boson: 
• Apz' contributes to the overall normalization by a factor 



1/2 
Pz' 



1 + ^Apz' 



+ Cw^pz' 



and to the mixing angle by a shift 

Both effects are universal, parametrized by Mz' and the mixing angle 6m in a model independent way, 
• A non-universal contribution is present as the second term in the vertex 

(Z//) = cos0Af(Zo//) + sin0M(4//) 

- (^o//) + 0A/(W)- 

It depends on the classification of the fermions under the extra hypercharge and is strongly model dependent. 

Complete 1-loop calculations are not available as yet. The present standard approach consists in the implementation 
of the standard model corrections to the Zq parts of the coupling constants in terms of the form factors pf for the 
normalization and Kf for the effective mixing angles 



In this approach the effective Z f f vector and axial vector couplings read 

1/2 r 
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V2G^Mjpf{l + Apz') 
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^3 



2Q/(k/s^ 



+ sin Om Vz' 



V2G^Mlpf 



1/2 



// + sin0M4, 



c\rApz') 



(237) 



The quantities a^/ w^' denote the extra C/(l) couplings between the fermion / and the Zq. 



From an analysis of the electroweak precision data the mixing angle is constrained typically to | 9m |< 0.01, not 
very much dependent on the specification of the model |120, 121 1. 

Quite recently, models with an extra Z' have received new attention in order to explain the observed deviations 
from the standard model in i?b and Rc by a 'hadrophilic' coupling to quarks only 1122]. 



9.4 New physics in 

If the observed difference between the measured and calculated values of Rb is explained by a non-standard contribution 
AFb to the partial width T{Z —f bb), then also other hadronic quantities like F^, Rhadi ■ ■ ■ are increased unless the 
value of ttg is reduced simultaneously. Including the new physics AF^ as an extra free parameter in the fit yields the 
values 1^: 

as = 0.102 ± 0.008, AFf, = 11.7 ± 3.8 ± 1.4MeV . 



The top mass is affected only marginally, shifting the central value by +3 GeV, but the impact on as is remarkable. 



9.5 The minimal supersymmetric standard model (MSSM): 

The MSSM deserves a special discussion as the most predictive framework beyond the minimal model. Its structure 
allows a similarly complete calculation of the electroweak precision observables as in the standard model in terms of 
one Higgs mass (usually taken as Ma) and tan/3 = V2/V1, together with the set of SUSY soft breaking parameters 
fixing the chargino/neutralino and scalar fermion sectors. It has been known since quite some time 123 that light 
non-standard Higgs bos ons as well as light stop and charginos predict larger values for the ratio Rb and t hus d iminish 
the observed difference ]124 |126|, 127, 128 . Complete 1-loop calculations are meanwhile available for Ar |125| and for 



the Z boson observables Il2q, 127, 128 

Figure ^ displays the range of predictions for Mw in the minimal model and in the MSSM. Thereby it is assumed 
that no direct discovery has been at LEP2. As one can see, precise determinations of Miy and mt can become decisive 
for the separation between the models. 

The range of predictions for Ar and the Z boson observables in the MSSM is visualized in Figure H (between the 
solid lines) together with the standard model predictions (between the dashed lines) and with the present experimental 
data (dark area), tan/3 is thereby varied between 1 and 70, the other parameters are restricted according to the mass 
bounds from the direct search for non-standard particles at LEP I and the Tevatron. From a superficial inspection, one 
might get the impression that the MSSM, due to its extended set of parameters, is more flexible to accomodate also 
the critical observable Ri,. A more detailed analysis shows, however, that those parameter values yielding a "good" 
Rb are incompatible with other data points. An example is given in Figure |^: a light A boson together with a large 
tan /? can cure i?^, but violates the other hadronic quantities and the efefctive leptonic mixing angle. Whereas the 
hadronic quantities can be repaired (at least partially) by lowering the value of ag , the mixing angle and A^pg remain 
off for small Higgs masses. Thus, even in the MSSM it is not possible to simultaneously find agreement with all the 
individual precision data. The results of a global fit are discussed below. 




Figure 7: The W mass range in the standard model ( ) and the MSSM ( ). Bounds are from the non-observation 

of Higgs bosons and SUSY particles at LEP2. 
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Figure 8: Range of precision observables in the standard model ( ) and in the MSSM ( — ), and present experimental 

data (dark area). The MSSM parameters are restricted by the mass bounds from direct searches at LEP I and Tevatron, 
the dotted lines indicate the bounds to be expected from LEP II. 
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Figure 9: Precision observables as function of the pseudoscalar Higgs mass Ma for tan/3 = 0.7(- • •), 1.5(- • •), 8(— • 
), 20(- - -), 70 ( ). mt = 174 GeV, a, = 0.123. mi = 800 GeV, = 500 GeV, ^x = 100 GeV, M2 = 300 GeV. 



The main results in view of the recent precision data are: 

• Rc can hardly be moved towards the measured range. 

• Rb can come closer to the measured value, in particular for light tji and light charginos. 

• as turns out to be smaller than in the minimal model because of the reasons explained in the beginning of this 
section. 

• There are strong constraints from the other precision observables which forbid parameter configurations shifting Rh 
into the observed la range. 

For obtaining the optimized SUSY parameter set, therefore, a global fit to all the electroweak precision data 
(including the top mass measurements) has to be performed, as done in refs. |127, 12£|. Figure |l^ displays the 
experimental data normalized to the best fit results in the SM and MSSM, with the data from this conference |12£]. 
For the SM, as identified with the experimental number, therefore the corresponding result in Figure 6 is centered at 
1. The most relevant conclusions are: 

(i) The difference between the experimental and theoretical value of Rb is diminished by a factor ~ 1/2, 

(ii) the central value for the strong coupling is as = 0.110 and thus is very close to the value obtained from deep 
inelastic scattering, 

(iii) the other observables are practically unchanged, 

(iv) the of the fit is slightly better than in the minimal model. 
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Figure 10: Experimental data normalized to the best fit results in the SM and MSSM. 



10 Conclusions 

The experimental data for testing the electroweak theory have achieved an impressive accuracy. For the interpretation 
of the precision experiments radiative corrections, or quantum effects, play a crucial role. The calculation of radiative 
corrections is theoretically well established, and many contributions have become available over the past few years 
to improve and stabilize the Standard Model predictions. After taking the measured Z mass, besides a and G^, for 
completion of the input, each other precision observable provides a test of the electroweak theory. The theoretical 
predictions of the Standard Model depend on the mass of the recently discovered top quark and of the as yet ex- 



perimcntally unknown Higgs boson through the virtual presence of these particles in the loops. As a consequence, 
precision data can be used to pin down the allowed range of the mass parameters, yielding rrit in beautiful agreement 
with the directly measured value. 

Theoretical uncertainties in the Standard Model predictions have their origin essentially in the uncertainties of 
the hadronic vacuum polarization of the photon and from the unknown higher order contributions. In order to reach a 
theoretical accuracy at the level 0.1% or below, new experimental data on Aa and more complete clcctroweak 2-loop 
calculations are required. The observed deviations of several cr's in Rb, Rc, Alr reduce the quality of the Standard 
Model fits significantly, but the indirect determination of rrit is remarkably stable. Still impressive is the perfect 
agreement between theory and experiment for the whole set of the other precision observables. Supersymmetry can 
improve the situtation due to an enhancement of Rb by new particles in the range of 100 GeV or even below, but it 
is not possible to accomodate Re- Within the MSSM analysis, the value for ag is close to the one from deep-inelastic 
scattering. 
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